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Abstract 

Following |KNTY| we study a so-called 6c-ghost system of zero conformal dimen- 
sion from the viewpoint of |TUY| and |U2j . We show that the ghost vacua construc- 
tion results in holomorphic line bundles with connections over holomorphic families 
of curves. We prove that the curvature of these connections are up to a scale the 
same as the curvature of the connections constructed in [TUYj and [U2| . We study 
the sewing construction for nodal curves and its explicit relation to the constructed 
connections. Finally we construct preferred holomorphic sections of these line bundles 
and analyze their behaviour near nodal curves. These results are used in [AU2j to 
construct modular functors form the conformal field theories given in [TUYj and [U2] 
by twisting with an appropriate factional power of this Abelian theory. 

Contents 

1 Fermion Fock space [3 

2 Universal Grassmann Manifold @ 

3 Ghost Vacua [ll| 

4 Sheaf of Ghost Vacua [24 

5 Degeneration of Curves and Sewing [s^ 

6 Formal Coordinates and Preferred Sections [5^ 

Introduction 

The present paper is the first in a series of three papers ( [AU2] and jAU3j ) . in which we 
shall construct modular functors and the Reshetikhin-Turaev Topological Quantum Field 
Theories from the conformal field theories developed in [TUYj and |U2j . 

The basic idea behind the construction of a modular functor for a simple Lie algebra 
is the following. The sheaf of vacua construction for a simple Lie algebra gives a vector 
bundle with connection over Teichmiiller space of any oriented pointed surface. The vector 
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space that the modular functor associates to the oriented pointed surface should be the 
covariant constant sections of the bundle. However the connection on the bundle is only 
projectively flat, so we need to find a suitable line bundle with a connection, such that 
the tensor product of the two has a flat connection. 

We shall construct a line bundle with a connection on any family of A^-pointed curves 
with formal coordinates. By computing the curvature of this line bundle, we conclude that 
we actually need a fractional power of this line bundle so as to obtain a flat connection 
after tensoring . In order to functorially extract this fractional power, we need to construct 
a preferred section of the line bundle. 

We shall construct the line bundle by the use of the so-called 6c-ghost systems (Faddeev- 
Popov ghosts) first introduced in covariant quantization [FPj . The be system have two 
anticommuting fields b{z), c{z) of conformal dimension j, 1 — j, respectively, where j is 
an integer or half integer. In the case j = 1/2 a mathematically rigorous treatment was 
given in the paper [KNTY| . The case j = 1/2 corresponds to the study of the determinant 
bundle of half-canonical line bundles on smooth curves, i.e.. on compact Riemann sur- 
faces. Since we cannot define the half-canonical line bundles for curves with node, whose 
normalization has at least two components, the boundary behavior of the sheaf of vacua 
is complicated [KSUUj . Therefore, in the present paper we shall consider the case j = 0, 
following the ideas of |KNTY| . but describing it from the viewpoint of [TUYj . We shall 
also use the terminology of [TUYj and [U2] . In particular we shall define the sheaf of ghost 
vacua on a family of A^-pointed Riemann surfaces with formal coordinates and we shall 
introduce a connection on it. All the necessary properties which we need to construct for 
our modular functor construction in |AU2| will be proved in this paper. The sheaf of the 
ghost vacua is isomorphic to the invertible sheaf associated to the determinant bundle of 
the relative canonical sheaf of the family. 

Let us explain briefly the contents of the present paper. In section 1 we shall introduce 
the fermion operators and the fermion Fock space and fix the notation which will be used 
in the present paper. 

In section 2 the universal Grassmann manifold due to M. Sato will be defined. The 
universal Grassmann manifold is an infinite dimensional manifold which can be embedded 
into an infinite dimensional projective space. The pull-back of the hyperplane line bundle 
of the projective space is the determinant bundle of the universal subbundle of the universal 
Grassmann manifold. 

In section 3 we shall develop the theory of j = ghost systems. The main purpose 
of this section is to define the space of ghost vacua for an A^-pointed curve with formal 
coordinates. Also basic properties of the space of ghost vacua will be discussed and we 
proved important theorems such as propagation of vacua. The space of ghost vacua is a 
one-dimensional vector space. This will be proved in section 4 and section 5. 

In section 4 we shall consider a family of A/^-pointed curves with formal coordinates and 
define the sheaf of ghost vacua attached to the family. The projectively flat connection 
will be deflned on the sheaf of ghost vacua. 

In section 5 we shall consider smoothings of nodal curves. In particular we shall 
construct a section of the sheaf of ghost vacua starting from an element of the ghost vacua 
of the nodal curve. This construction is called sewing and it is the key to proving that the 
space ghost vacua is a one-dimensional vector space. 

In section 6 we shall construct the preferred element of an A^-pointed curve with formal 
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coordinates and study its basic properties. 



1 Fermion Fock space 

Let Z/j be the set of all half integers. Namely 

= {n + l/2|n G Z}. 

Let be an infinite-dimensional vector space over C with a filtration {F"^W^mez which 
satisfies the following conditions. 

1. The filtration {F"^W^} is decreasing; 

2- Urnez ^"Wt = Wt, n^ez F""^^ = {0}; 

3. dimcF'^WyF'^+^W^ = 1; 

4. The vector space is complete with respect to the uniform topology such that 
{F"*W^} is a basis of open neighbourhoods of 0. 

We introduce a basis {e'^jj/gz^ of in such a way that 

Then, each element u G can uniquely be expressed in the form 

oo 

u = a^e'^ 

v>no,u£Zfi 

for some uq and with respect to this basis the filtration is given by 




We fix the basis {e^^ueZh throughout the present paper. 

Let C((^)) be a field of formal Laurent series over the complex number field. Then the 
basis gives us a filtration preserving linear isomorphism 

cm) = yv^ 

By mapping ^"d^ to e"^^/^ we of course also get a filtration preserving linear isomorphism 
between C{{i))di and W^. 

We let {ej^jj^gZfe be the dual basis of {e^}y^2ih- Then, put 

W = Ce, 
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= z/ for z/ < -|, = -i, = |, //(i) = I 

Figure 1: Maya diagram of charge 1 and degree 5 

Then W is the topological dual of the vector space W^. There is a natural pairing ( | ) : 
xW^C defined by 

(eie^) = 5;:. 

In other word we have 

{u\v) = v{u). 

The complete topological vector space will be used in the next section to define the 
universal Grassmann manifold due to M. Sato ([SA]). 

Here let us introduce the semi-infinite exterior product of the vector spaces W and 
For that purpose we first introduce the notion of a Maya diagram. 

Definition 1.1. A Maya diagram M of the charge p, p G Z is a set 
M = {fx{p - 1/2), - 3/2), nip - 5/2), . . .} , 
where fj, is an increasing function 

: '^h<p = {z^ G Zfe I z/ < p>} ^ Z/j 
such that there exists an integer no such that 

= I' 

for all v < no. 

The function is called the characteristic function of the Maya diagram M. The set 
of Maya diagrams of charge p is written as Mp. 

A Maya diagram M of charge p with its characteristic function /x can be expressed by 
a diagram as in Figure 1. 

For a Maya diagram M we have = v for almost all v. Therefore the set 

{/x(z/) - 1/ 1 1/ € Z/i, - 1/ > } 

is finite and the number 

d{M)= Y,{iJi{y)-y) 
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is finite. The number d{M) is also written as d{n) and it is called the degree of the Maya 
diagram M with characteristic function fi. The finite set of Maya diagrams of degree d 
and change p is denoted Mp. Clearly Mp = \Jd^p- 

For a Maya diagram M of charge p we define two semi-infinite products 

1-^) = e^(p-i/2) A e^(p-3/2) A e^(p-5/2) A • • • 
(M| = . . . A e''(^'-5/2) A e''(f-3/2) A e''(^'-V2) 

Formally, these semi-infinite products is just another notation for the corresponding Maya 
diagram. This notation is particular convenient for the following discussion. However, by 
using the basis e^, we clear indicate the relation to the vector spaces W and W^. 
For any integer p put 

\p) = ep_i/2 A ep_3/2 A ep_5/2 A • • • 
(p| = ...AeP-'/^AeP-^/^AeP-'/^ 

Now the fermion Fock space {p) of charge p and the dual fermion Fock space IF{p) 
of charge p are defined by 

Hp) = © C|M) 

H{p) = n c(Mi 

MeMp 

Mp)= © C|M). 

(•|-):J^t(p)xjr(p)^C 

(M|iV) = (5M,iv, M,NeMp 

^ = ®Hp) 

pez 

H = ©^t(p) 
pez 

The vector space J^t is called the fermion Fock space and is called the cJua/ fermion 
Fock space. These are the semi-infinite exterior products of the vector spaces and W 
respectively, which we shall be interested in. We only define the fermion Fock space by 
using the basis e^, since we are fixing this basis throughout. 



We observe that 
where 

The dual pairing 
is given by 
Put also 
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The above pairing can be extended to the one on J^t X by assuming that the paring 
is zero on T'^{p) x T{p') \i p ^ p' . 

Let us introduce the fermion operators ijji, and ipj^ for all half integers G Z/j which 
act on from the left and on J^'^ from the right. 

Left action on tpv = i{eu)-, i^v = e-u A (1-1) 

Right action on JTt = Ae"", V'l/ = ^(e""") (1-2) 

where is the interior product. For example we have 

V'-3/2|0) = ^(e_3/2)e_i/2 A e_3/2 A • • • = -e_i/2 A 6.5/2 A 6.7/2 A • • • , 
^5/2 



Note that tjjy maps J-{p) to J-{p — 1), hence decreases the charge by one, and tp,^ maps 
J-{p) to J-{p+ 1), hence increase the charge by one. Similarly the right action of ipy maps 

maps T\p) ioT\p-l). It is easy to show that for any (it| G ^ 

and \v) G jrt we have 

(■ulV'i/'y) = {uil;y\v), {u\tp^v) = {uipjv). 
Also it is easy to show that 

= if and only if > 0, 
ij^^lO) =0 if and only ii v > 0. 

Similarly we have 

(O|'0i/ = if and only if z/ < 0, 
(OIV',, = if and only if < 0. 

The fermion operators have the following anti-commutation relations as operators on 
and J^^. 

(1.3) 
(L4) 
(L5) 

where we define 

[A,B]^ =AB + BA. 

Note that for each Maya diagram M of charge p we can find non-negative half integers 
A*i < M2 < • • • < Mr < 0, z^i < 1^2 < • • • < z^s < 0, r > 0, s > 
with r — s = p and //j 7^ i^j such that 

|M) = (-i)E|=i-.+V2^^ . . . . . V;.J0). (L6) 





= 0, 




= 0, 
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The negative half integers /ij's and Vj^s are uniquely determined by the Maya diagram M. 
The normal ordering \ \ of the fermion operators are defined as follows. 



—B^Ay if /u < and > 0, 
AyB^ otherwise, 



where A and B is ip ox ip. By (11.31) . (II. 4p and ()1.5p the normal ordering is non-trivial if 
and only if /i < and Ay = B^^. For example we have 

:V'l/2V'-l/2 : = -V'-l/2V'l/2> 

although as operators on or J^^ we have 

V'l/2V'-l/2 = -V'-l/2V'l/2 

Thus the normal ordering has the effect of subtracting the identity operator, whenever it 
is non-trivial. 

The field operators ip{z) and ipiz) are defined by 



Hz) 



Eh 



(1.7) 

(1.8) 



The current operator J{z) is defined by 

Jiz) = :?(z)v(2): =^j„,z-"-i 



(1.9) 



nez 



Note that thanks to the normal ordering, the operator J„ can operate on and J-^ 
even though J„ is an infinite sum of operators. 

For any integer or half integer j the energy-momentum tensor T^^\z) is defined by 



TO-)w=;(i-,)Mil«.)-i«.)^ 



-n-2 



neZ 



Again due to the normal ordering, the coefficients Ln^ operates on and J-'^ . 
These operators satisfy the following commutation relations. 



\Jm Jrr, 
n ' m 

[Jn, Ipiz)] 
[Jn, Ipiz)] 

H^ 



n5. 



'n+m,0 5 



(n - m)Ll^l^ - -{6f - 6j + l){n^ - n)6m+n.o, 



-mJn+m - -(2j - l)(n^ + n)6n+m,0, 

-zy{z), 

z^Hz), 



^"(^^ + (i-i)(^ + i))V'(^)- 



(1.10) 



(1.11) 

(1.12) 

(1.13) 

(1.14) 
(1.15) 

(1.16) 
(1.17) 
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Thus the set {L^f^} ngz forms an infinite-dimensional Lie algebra called the Virasoro 
algebra with central charge c = —2(6j^ — Qj + 1). 

The field operators ip{z) and ^{z), the current operator J{z) and the energy-momentum 
tensor T^^^ (z) form the so-called spin j 6c-system or ghost system in the physics literature. 
For j = 1/2 the 6c-system is usually called abelian conformal field theory. In the present 
paper we shall discuss the j = ghost system and we shall also refer to this case as abelian 
conformal field theory. 

2 Universal Grassmann Manifold 

In this section we shall briefly recall the theory of the universal Grassmann manifold due 
to M. Sato ([ESj). Let be the vector space introduced in the previous section. 

Definition 2.1. The universal Grassmann manifold UGM^ of charge p, p £ Z, is the set 
of closed subspace U C such that 

1. The kernel and the cokernel of the natural linear map are of 
finite dimension; 

2. dim Ker / — dim Coker f = p. 
Put 

UGM = y UGMP 

pGZ 

Also, we can introduce the induced filtration F^^U on U by 

F'^U = unF"'wl 

Then we have 

dimF"[7/F'"+^[7 < 1. 

Put 

M{U) = {m + 1/2 I dimF™C//F™+^C/ = 1 } . 
It is easy to show that M{U) is a Maya diagram of charge p. 
Definition 2.2. For U G UGMP a frame H of is a basis 

H = {. . . , (^P-1/2| 

of U such that there exists a half integer vq such that for any v < vq 

C = e'^ (mod F^'-^I'^U) 

For a frame 

-= = {... , ^P-1/2| 

of [/ G UGM^ we can define the semi-infinite wedge product 

• • • A CJ'-^I'^ A CJ'-'^I'^ A (2.1) 
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as an element of the fermion Fock space J-'^p) by the following procedure. Put no = 
1/0 — 1/2. For n <no the element (^"+1/2 can be written as 

00 

k=n+l 

For n < uq we define the wedge product 

... A e"-3/2 A e-V2 a C^^^ A ... A (^"1/2 = (n| A C"+'/' A ... A ^"^/^ 
as the limit of the wedge products 

(niAc:y>---cc/^ 

where Cm defined by 

C = E ^Si/2«'^'/' ^ mod F-^t. 

k<m 

Then the wedge product 

(n- 1| aC-1/2/^... AC^-^/2 
contains all the terms appearing in 

{n\ A A ... A 

Hence taking the limit n — ^ —00 we can define the semi-infinite product 

... A ("-3/2 A (n-1/2 A (^"+1/2 A ... A C^"^/2. 

If we use another frame E' of U the resulting wedge product is a non-zero constant 
multiple of the wedge product defined by the frame S. Therefore, to each element U G 
UGM^ we can associate a one-dimensional subspace of J^^{p), hence associated a point of 
the projective space P(jrt(p)) = J^^p) \ {0}/C*. We denote this 1-dimensional subspace 

ofJ^^p) by detU. 

Example 2.1. Let X = {C;Q;(^)hea one-pointed projective curve with formal coordinate, 
that is we assume that Q is a smooth point of the curve C and ^ is a formal coordinate of 
the curve C with center Q. Then to each meromorphic function / G H^{C,Oc{*Q)) we 
can associate its Laurent expansion /(^) at Q with respect to the coordinate ^. This give 
an injcctivc linear map from H^{C,Oc{*Q)) to C((0). We identify H^\C,Oc{*Q)) with 
the image and denote it by U{X). Identifying C((^)) with as above, we can show that 
U{X) is closed subspace of C((^)). Under this identification W^F'^W^ becomes identified 
with C[^-i]^-i. The natural map / : U{'X.) — > C[^ ^ is nothing but the map given by 
taking the principal part of the Laurent expansion of each meromorphic function. Hence 
Ker/ = H^{C,Oc)- On the other hand by the exact sequence of sheaves 

we obtain an exact sequence 

0^ /fO(C,Oc) ^ H\C,Oci*Q)) ^ C[r']r' ^ H\C,Oc) ^ 0. (2.2) 



9 



Therefore, we have 

Coker/ ^ H\C, Oc). 

Put 

g = d\mH^{C, Oc), 

and call it the genus of the curve C. If the curve C is non-singular this number g is the 
usual genus of the curve C. Then, U{di) is a point of UGM^~^. A frame S is given by 
meromorphic functions fj whose Laurent expansion is of the form 

oo 

n=—nj+l 

where we may choose fi_g_i/2 = hence ni = 0. If our curve C is non-singular or has 
only nodes, then by the Riemann-Roch theorem we have that 

nj =j +g- 1, 

for j > g + 1. Put 

oo 

n=— rtj+l 

For example we have e(/i_g_i/2) = e^^^. Then, the wedge product 

• • • A e(/i_g_5/2) A e(/i_g_3/2) A e(/i_g_i/2) (2.3) 

gives an element of J-^{l — g) spanning det U{X) and defines the point P{J^^{l — g)) associ- 
ated to U{X). Since H°{C, Oc{*Q))) is isomorphic to U{X) we may define det H^{C, Oc{*Q)) = 
det U {X) and so we can regard the wedge product (12. 3p as an element of det H^{C, Oc{*Q))- 
Moreover, by (|2.2p we get a natural isomorphism. 

det H^{C,Oc) {det {C, Oc {*Q)))~^ ^ det C[r^]r^ {det H\C,Oc)y^ = C. 

Thus we may regard det H^{C,Oc{*Q)) as the determinant of the structure sheaf of the 
curve C, since there is a canonical isomorphism det C[.^~^]^ = C. 

The map 

$ : UGMP ^ P{T^{p)), 

which associates to each element U G UGM^ the point det C/ G P(.F"l'(p)) is called the 
Pliicker embedding. This is a generalization of the usual Pliicker embedding for the usual 
Grassmann manifold. The following theorem is due to M. Sato and it plays an important 
role in soliton theory. 

Theorem 2.1. The Pliicker embedding $ : UGM^ P(jrt(p)) is a holomorphic em- 
bedding. The image is a closed submanifold of P{J-^{p)) which is defined by Pliicker's 
relations. 
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3 Ghost Vacua 



Now we shall develop the theory of the ghost system for the case j = in section 1. In 
this case the Virasoro algebra have the following commutation relations 

Also we have the following important commutation relations 

These commutation relations suggest that the field operator 'ip{z) behaves like a mero- 
morphic function and ip{z) behaves like a meromorphic one- form. This fact will be used 
to define the ghost vacua of the j = ghost system on a pointed curves with formal 
coordinates. 

By an A^-pointed curve with formal coordinates X = (C; Qi, . . . , Qn]£,Ii ■ ■ ■ , S,n) we 
mean that the curve C is reduced and projective but not necessarily connected and that 
the points Qj are non-singular points of the curve C and is a formal coordinate of 
the curve C with center Qj. See [tJ2] for further details regarding curves with formal 
coordinates. We will always assume that each of the connected components of C contains 
at least one of the Q'jS. Put 

pi,...,pjv6Z 
pi,...,PAreZ 

where means the complete tensor product. 

Definition 3.1. The ghost vacua V^ab(X) of the spin j = ghost system is the linear 
subspace of J-j^^ consisting of elements ($| satisfying the following conditions: 

1. For all \v) G Tn, there exists a meromorphic function / G H^{C,Oc{*Ylf=iQj)) 
such that {^\pj{ip{(,j))\v) is the Laurent expansion of / at the point Qj with respect 
to the formal coordinate ^j; 

2. For all 1^;) G Tn, there exists a meromorphic one-form co G H^{C,uJc{*Ylf=iQj)) 
such that {^\pj{^p{^j))\v)d^j is the Laurent expansion of lo at the point Qj with 
respect to the coordinates ^j, 

where Pj{A) means that the operator A acts on the j-th component of J-'n as 

Pj{A)\ui OU2 O • • • OUTV) = {-l)'P^^"'^P'-^\ui • • • 0Uj-i ^Auj ^Uj+i • • • ^Un). 



(n — m)L,, 



(0) 



n+m 



-in 



n)6, 



m+n.O- 



(3.1) 



dz 



Hz), 



(3.2) 



z— + {n+r 



i;{z). 



(3.3) 



N 
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We will reformulate the above two conditions into gauge conditions. For that purpose 
we introduce the following notation. 

For a meromorphic one-form u G H^{C,uc{*J2f=i Qj)) 

oo 
n=— no 

be the Laurent expansion at Qj with respect to the coordinate ^j. Then, for the field 
operator 'tp{z) let us define ip[ooj] by 

oo 
n=— no 

Similarly we can define t/'[^j]- For a meromorphic function / G H^{C, Oc{* J2f=i Qj)) 
let fj{S,j) be the Laurent expansion of / at Qj with respect to the coordinate ^j. For the 
field operator V'(^) define ip[fj] by 

m]=]^^,mj)mMj) 

u 

Put 

m = Wi], ■ ■ • , V'i/iv]), m = mi], ■ ■ ■ min]). 

Then, these operate on from the left and on J^j^ from the right. For example, iplf] 
operates on J^n from the left by 

N 

ip[f]\ui ■ ■ ■ ® un) = y^,Pj{ip[fj])\ui • • • un) 

N 

= |ui (g) • • • (g) Uj-i (g) ii[fj]uj (g) Uj+1 (g • • • (g un) 

for \uj) G J-^(jPj) and operates on J^\i from the right by 

N 

(UJV (g • • • Ul|V'[/] = ^{VN <g • • • 'yi|Pj(V'[/j]) 
3=1 
N 

= (viv <g • • • <g Vj+i (g Vji;[fj] (g Vj-i (g • • • (g 

3=1 

for (i;^ ! G J^^(pj). 

Theorem 3.1. T/te element ($| G belongs to the space of ghost vacua V^ab(-^) of the 
j = ghost system if and only if ($| satisfies the following two conditions. 

1. {^\'4)[ijj] = for any meromorphic one-form lo G H^{C,ujc{* Yli^=i Qj))- 
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2. {^\i/^[f] = for any meromorphic function f e H^{C, Oc{* J2jLi Qj))- 

The first (resp. second) condition in the above theorem is called the first (resp. second) 
gauge condition. The first and second gauge conditions can be rewritten in the following 
form: 

1- (^ki <8) •••«)■■■ (8) Uj-i ® 4'[oOj]uj Uj+i (g) ■ • • (g) un) = for any 
a; G H^{C, uc{* Ef=i Qj)) and \uj) G T{pj), j = l,2,...,N. 

2- Eiii(-lF'"^'""^^'"'(^ki <^ • • • Uj-i O i^[fj]uj (g) Uj+i • • • (g) uat) = for any 
/ G //0(C, Oc(* Ef=i Qj)) and G ^(p,), j = l,2,...,N. 

It is easy to show that the ghost vacua V^ab(^) is a finite dimensional vector space. 
More strongly we can prove the following theorem. 

Theorem 3.2. For any N-pointed curve X = (C; Qi, . . . , Qn', Ci, • • • ^n) with formal co- 
ordinates we have 

dime VKU^) = 1. 

A proof is given in section 5. 

In the later application we need to consider a disconnected curve. The following 
proposition is an immediate consequence of the definition. 

Proposition 3.1. Let 

Xi = (Ci; Qi, . . . , Qm',Ci, ■ ■ ■ ,Cm) 

and 

X2 = (C2;Qm+i, • • • ,Qm',^m+i, ■ ■ ■ ,^n) 

be pointed curves with formal coordinates. Let C he the disjoint union Ci U C2 of the 
curves Ci, C2. Put 

X = {C;Qi, . . . , Qn;(.i, ■ ■ ■,^n)- 

Then we have 

Vtab(X) = Vtab(:^l)®Vtab(:^2). 

Now we can introduce the dual ghost vacua. 

Definition 3.2. Let .?^ab(^) be the subspace oiJ^N spanned by ip[uj]J^N, u G H^{C, ujc{* EjLi 
and m^N, f e ^^°(C,0(*Ef=iQi))- Put 

Vab(^)=^iv/^ab(^)- 

The quotients space Vab(^) is called the space of dual ghost vacua of the j = ghost 
system. 

Since V^ab(^) is finite dimensional, Vab(^) is dual to V^ab(^)- 
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Example 3.1. Let us consider the one-dimensional complex projective space = C U 
{oo}. Let z be the coordinate of C. We shall show that 

dimcVt,b((P^O;z)) = 1. 

A basis of i?'^(P-'^, cjpi (*0)) is given by 

dz 

-17, m = 0, 1, 2, . . . . 

A basis of i?°(P\ Opi (*0)) is given by 



1 

— , m = 0, 1, 2, , 

' J J J 



Then, we have that 



dz _ 1 _ 

^i-;:;:^] = V'i— ] = V'-m+l/2, m = 0,1,2,.... 

Hence, an element (<1>| G V^ab((P^; 0; z)) satisfies the equations 

m-m-3/2 = A e-™-3/2 = 0, m = 0,1,2,..., 
($|?_„+i/2 = ($|i(e™-i/') = 0, m = 0,1,2,.... 

Note that any element of J'^ is a finite linear combination of elements of the form 

•••V'l.ilO), (3.4) 
Hi < H2 < • ■ ■ < fJ-r < 0, Ui < 1/2 < ■ ■ ■ < l^s < 0, r > 0, s > 0. 

By the first gauge condition, if r > we have 

• • -^^^^.^^..-i • • • V'^ilo) = 0. 

Moreover, by the second gauge condition if s > and Vs < —1/2 we have 

(^IV'.>..-i---V'.i|o) = 0. 

Thus we conclude that (<I>| is zero on all the element of the form ()3.4p except V'-i/2|0) = 
I — 1). Therefore, (<1>| is a constant multiple of (— 1| and we conclude 

Vt,b((P^O;z)) = C(-1|. 

Let us assume that C is a non-singular curve of genus g > 1. Let us consider a one- 
pointed curve X = {C;Q;^) with a formal coordinate. Choose a basis {toi, . . . ,ujg} of 
holomorphic one- forms on C. We let 

00 

n=0 
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be the Taylor expansions of Wj's at the point Q. For any positive integer j choose a 
meromorphic one-form oJg+j £ H^{C,'-^ci*Q)) such a way that it has the Laurent 
expansion 



9+j 



n=-j 



at Q. Put 



n=0 

oo 



ra=-j 

Then, the infinite sums e{uji) and e{LOg+j) are regarded as elements of (see section 2). 
Put 

{io{X)\ = • • • A e(a;3+2) A e{LOg+i) A e(a;g) A • • • A e{uji). (3.5) 

The set 

is a frame of H^{C,iOc{*Q)) C C((0)dC. Since H^{C,uJci*Q)) ^ UGM^-i, we see that 
(a;(X)| G J-^{g — 1) is non-zero. By a similar arguments as in Example 12.11 we may also 
regard {uj{X)\ as an element of the determinant of the canonical sheaf ojc- Note of course 
that {uj{X)\ depends on the choice of the basis (wj). 

Lemma 3.1. The semi-infinite wedge product (a;(X)| is a non-zero element of J-\g — 1) 
which satisfies the first and second gauge conditions. Hence 

{uj{X)\ G Vtab(X). 

Proof. For any element uj G H^{C,ujc{*Q)) we let (X^^-no '^ni^)di be its Laurent 
expansion. Then we have 

oo 
n=— no 

whose right action on J^'^ is given by 

A [ f; ane-+'l'\ = Aeico). 

\n=-no / 

Hence we have that 

{oj{X)\ Ae{uj) = 0. 

Thus (w(X)l satisfies the first gauge condition. 

Now let Ylm=-mo ^rnC^ be the Laurent expansion of a meromorphic function / G 
H^{C,Oc{*Q)) at Q. Then we have 



m=— mo 
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and its right action is given by 



m=—mo 



Then we have that 



g »n-l/2N 



Vn=— no / \m=— mo 

oo 



— ^ ^ 0-—m—lbm 
m=—mo 

= Res(/(Oa;) = 0. 

Thus the second gauge condition is also satisfied. QED 

Corollary 3.1. Let 1 = li < I2 < ■ ■ ■ < Ig < 2g — 1 be the Weierstrass gap values of the 
curve C at the point Q. Then, 

i^lr^i^lr^'-'] ■ ■ ■ V^[r'']| - l) = %-i/2 a %_,-i/2 a • • • a e^^^i/a A e_3/2 A e_5/2 A • • • 
defines a non-zero element 0/ Vab(^) = J^/J^{3C). 

Proof. The Weierstrass gap values have the property (for details see Lemma l6.2p : 
(e(cjg) A • • • A e(wi)|e,^_i/2 A %_i-i/2 A • • • A ei^-1/2) + 0. 
On the other hand in the infinite wedge product 

• • • A e(a;g+„) A • • • A e(a;g+2) A e(6Jg+i) 

the term (— 1| only appears when we choose the term e"-'^^/^ of eiiOgj^j) for each j > 
1. Other terms do not have a term e~"*~^/^ for a certain positive integer m. Since 
{e(u)g) A ■ ■ ■ A e(c<Ji)| does not contain a term g"™"-*^/^ for any m > 1 we have that 

{uj{X)m~''W'-'] ■ • • V^[r'']|-l) = (eK)A- • •Ae(c^i)|e;^_i/2Aez^_,_i/2A- • •Aei,_i/2) / 0. 

QED 

Theorem 3.3. The space of ghost vacua V^ab(^) is isomorphic to the determinant of the 
canonical bundle toc- 

Notice that this theorem follows directly from Lemma I3.H Theorem 13.21 and the dis- 
cussion in section 2. The isomorphism of course depends on the choice of a basis for 
HO{C,oJci*Q)). 

Let X = (C; Qi, . . . , Qat; ^1, . . . , ^iv) be an A^-pointed curve with formal coordinates. 
Let Qn+1 be a non-singular point and choose a formal coordinate ^tv+i of C with center 
Qn+1- Put 

X = {C;Qi, ... , Qn, Qn+i;(,i, ■ ■ -jCnjCn+i)- 
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Then the canonical hnear mapping 



induces the canonical mapping 



\v) ^ \v) ® |0) 



Theorem 3.4. The canonical mapping i* induces an isomorphism 

This isomorphism is denoted the "Propagation of vacua" isomorphism. 
Proof. Since we have injective maps 

N N+1 

H\C,uc{*Y.Q3)) H^{C,u;ci*Y.Qj)), 

N N+1 

and for /(C) G C[[C]] we have 

V'[/m]|o)=o, ?[/(0|o) = o, 

the image i* {V^ s,h{^)) is contained in V'''ab(^)- 

Therefore, it is enough to show that any element {(l>\ G V^ab(^) uniquely determines 
an element (<1>| G V^ab(^) such that = {(f)\. Note that any element of is a finite 

linear combination of elements of the form 

Ml < M2 < ■ • • < A^r < 0, ui < 1/2 < ■ ■ ■ < Vg < 0, r > 0, s > 0. 
By a double induction on r and s we shall show that {(f)\ uniquely determines the value 

in such a way that ($| satisfies the first and second gauge conditions. 
For (r, s) = (0, 0) put 

($|u(g)0) = {4>\u) 

for any \u) £ J^jy- 

Choose \uj) G J^{pj) and put 

\u) = \ui) (g) • • • (g) \un). 

Choose a; G H^{C,L0c{*J2jLiQj~^i^~^^)QN+i)) in such a way that its Laurent expansion 
at the point Qn+i has the form 

c^AT+i = ( G!^!^ + f; a„G+i ) (3.6) 

V n=0 / 
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Then we have 

This is no-zero if and only if n is a non-negative integer. For a non- negative integer n 
define 

N 

{^^i V'-„_i/2|0) = (-ir+'-P^'+i Y,i'^\Pji^[^j]h ® 0). (3.7) 

i=i 

This is independent of the choice of w satisfying (13. 6p . since if lu' E H^{C, ujc{* J2jLi Qj + 
(n + l)(5iv+i)) satisfies (|3.6p u — u' is holomorphic at Qn+i- Thus {^\u (g) 'i/'-n-i/2|0) is 
well-defined for any integer n. Then for any meromorphic form r G H^{C,uj{* "^^^l Qj)) 
we have 

TV+l 

Y.mpjmrj])u 0O)=O. (3.8) 
i=i 

This establishes the first gauge condition on this subspace. 
Next let us define 

(^l-U V'-n2-l/2^-ni-l/2|0) 

with < 71-2 < ni. Choose a meromorphic form a3 G -f^''(C', tJc'(* ^^^^ Qj + (n2 + l)(5Af+i)) 
which has the Laurent expansion 



^N+l = i^CJ^lV + bnCN+l I di. (3.9) 

Define 



n=0 



N 

{^U ® V-n2-l/2V'-ni-l/2|0) = {-1)^-+-^^+^ ^ (<D| (^[5,-] )n V-ni-1/20). 

i=i 

We need to show that this is well-defined. Choose another uj' which has the Laurent 
expansion of the same type (13. 9|] . Then r = a) — 5' is holomorphic at Qn+i-, hence 

V'[TAf+l]^-ni-l/2|0) = 0. 

Note that if j > A; we have that 

Pj{lp[u}j])pk{lp[Tk\)\u) 

= (-l)Pi+-+Pfe-ipj.(^[c^j.])|ni • • • ip[Tk]uk ^■■■un) 

= (_i)(Pi+-+Pfc-i)+{Pi+-+Pfc-i+-+P.-i|^^ • • • ® i;[Tk]uk • • • ® ^[wj]uj ® • • • Uiv) 

= -Pkii^[Tk])pjWu^j])\u). 
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We have the same result in the case j < k. Hence by ()3.7p we have that 

N 

J2{^\pj{^[Tj])u ® V'-ni-l/20) 

i=i 

N N 

fc=i i=i 

N ( N 

k=i [j=i 

N ( N+l 

= ^ ^ ($|p,.(V^[r,-])p,(V'[u;fc])n ® 0) 

fc=i [j=i 
= 0, 

where the last equality is a consequence of ()3.8p . Now by the same argument as above we 
can show that for any r e -ff°(C', t^cC* X^^lji^)) and any non-negative integer n the first 
gauge condition holds on the subspace spanned by \u V'-n-i/20): 

N+l 

Y {'^\pMrj])u ^_„_i/20) = 0. (3.10) 

In this way, by induction on r we can show that for any non-positive integers ni > n2 > 
• • • > n,, > 

is well-defined and we have the first gauge condition on the subspace spanned hy \u ® 

V'-ni-l/2 • • • V'-n,-l/20): 
N+l 

^(<D|pj(V'[Tj])7X®V-ni-l/2---^-n._i-l/20) = 0. (3.11) 

i=i 

Next let us define 

® V'-„-l/2V'-ni-l/2 • • • V'-n,-l/20). 

Choose / G //0(C, Oc{* Ef=i + (™ + in such a way that it has the Laurent 

expansion 

oo 

Jn+i = iNVi + Yj "-^^N+i (3-12) 

ri=0 

at the point Qn+i- Then we have 

V'[/Af+l]V'-ni-l/2 • • • V'-n,_i-l/2|0) = V'-n-l/2V'-ni-l/2 " " " V'-n,_i-l/2|0) 

= en+1/2 A |V'-ni-l/2 " " " V^-n.-i -1/2 10) • 
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This is no-zero if n is a non-negative integer. For non-negative integer n define 

{^\U (g) V'-„-l/2V'-ni-l/2 • • • V'-n,_i-l/20) 
N 

This is independent of the choice of / satisfying ()3.12p . since if /' satisfies ()3.12p / — /' is 
holomorphic at Qn+i- Thus 

{<^\u V'-„-l/2V'-ni-l/2 • • • V'-n,_i-l/2|0) 

is well-defined for any integer n. Then for any meromorphic function h € H^{C, 0{* '^n=i Qj 
we have that 

Af+l 

-ni-l/2 • • • V'-n^_i-l/2|0) — 0, (3.13) 

i=i 

establishing the second gauge condition on this subspace. 
Now by induction on s we can show that 

($|« (g) V'-„,-l/2 • • • '0-ni-l/2'0-ni-l/2 " " " V'-n,_i-l/2 10) 

are well-defined and they satisfy the second gauge condition: 

7V+1 

J2 i^\Pj&[fj])'' ® V^-n,_i-l/2 • ■■^-n,-l/2^-n,~l/2 ' ' ' V'-n,.! -1/2 10) = 0. (3.14) 
3=1 

Thus ($1 G V^ab(^) has been uniquely constructed from {(f>\ G V^ab(^)- By our construc- 
tion we have that 

QED 

Next let us consider a curve C with a node P. Let C be the curve obtained by resolving 
the singularity at P and let vr : C ^ C be the natural holomorphic mapping. Then7r-^(P) 
consists of two points P+ and P_. Let 

X = {C;Qi, . . . ,Qn;^i, ■ ■ ■ ,^n) 

be an A^-pointed curve with formal coordinates and we let 

X = (C;P+,P_,Qi, . . .,Qn;z,w,^i,. ..,Cn) 

be the associated A^ + 2-pointed curve with formal coordinates. Define an element |0+^_) G 
J='(g)J='hy 

|0+,-> = |0)®|-l)-|-l)®|0). (3.15) 

The natural inclusion 

\u) ^ |0+,-) ® 1^) 

defines a natural linear mapping 

/* ■ ^ 
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Theorem 3.5. The natural mapping _ induces a natural isomorphism 

Vtab(i) = Vtab(X). 

Proof. First let us show that 

4,_(Vt,b(X)) c Vt,b(X). 
For ($1 G V^^b{X) put ($1 = _(($|). For \u) G JT^ we have that 

= ($|0+ _ (g) u). 

For a meromorphic one- form CO G i^°(C, u;c(* Ei=i Qi)) Put LO = 7r*(Ld). Then a; has 
Laurent expansions at P+ and P_ of the following form: 

~ /fi— 1 2 \ r 

a;+ = (_ h ao + + +---jaz 

Then we have that 

p+(V[S+])|0+,_) = V[S+]|0)®|-1)-V[S+]|-1)®|0) 
= a_i| - 1) (g) I - 1) 

Similarly we have that 

p_(^[5_])|o+,_) = |o)gD^[(li-]| + | -i)®V[^5-]|o) 

= -a_i| - 1) I - 1). 
Since oj and oj have the same Laurent expansions at Qj , by the above results we have that 

N 



( + bo + biw + b2W^ + • • • )dw 

^ w ' 



N 

N 

= ($|p+(V'['5+])o+,- ® u) + ($|p-(V[i5+])o+,_ + ^($|o+,_ ® Pj{^[uj])u) 

= 

by the first gauge condition for ($|. Thus ($| satisfies the first gauge condition. Similarly 

we can show that ($| satisfies the second gauge condition. Hence ($| G V^ab(^)- 

Now let us show that _ is bijective. For that purpose it is enough to show that 

{^\ G Vtab(^) determines uniquely ($| G V^bi^). Choose / G -fi'^lC, Cg(* Qj)) 
such that the Taylor expansions at P± have the forms 

oo 

/+ = -l + 5^a„z", (3.16) 

n=l 

oo 

/_ = (3.17) 

n=l 
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Then we have that 

CO 

i^[f+] = -^^1/2 +X]""^«+V2' 



n=l 



n=l 



Hence we have that 



p+(^[/+])|0+,_) = ^[/+]|0)®|-1)-V[/+]|-^)®|0) = |0)®|0), 

p_(V'[/^])|o+,_) = |o)0V4/-]|-i) + l-i)®V'[/-]|o) = o. 

Now define 

N N 

($|0 <g)O0u) = 5]($|0+,_ pMfj» = Y.{^\pMfj]»- (3-18) 

This is weU-defined, since if /' G -^^''(C', C'(5(* X^j^i Qi)) the same type of Taylor 
expansions (fXTH]) and (faTT]) . then /i = / - /' is an element of -^'"(C, ©^(^^ E^i <3j))- 
Hence 

AT 

^{^\pjmh,])u) = o. 

Now let us show that ($| just defined satisfies the first gauge condition for any element h E 
H^{C, 0^{* Ylf=i Qj)) ^^'^ the second gauge condition for any lu G H^{C, X^jLi Qj)) 
applied to the vectors \0 00 u). Let 

UJ+ = [ao + aiz + ■ ■ -^dz 
CO- = [bo + biw + ■ ■ ■)dw 

be the Taylor expansions of uj at P±. Then we have that 

i^[uj+]\0) \0) = 0, ij[uj^]\0) \0) = 0. 

Since we may regard lu as an element of H^{C, iOc{* J2f=i Qj)) having a zero at P, we get 
by using (|3.18|) that 

AT 



($|p+(V'[a;+])0(g)0(g)n) + ($|/9_(V'[t^-])0 + ^(«>|pj(^[a;j])0 O ti) 

N N 

= -Y.{Y.mpMu^j])Pk[fk]u)} = 0, 



k=i j=i 

by the first gauge condition for {^\. 
Next let 



h+ = ao + aiz + a2Z^ + ■ 
h- = bo + biw + b2w'^ + 
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be the Taylor expansion of /i G H^{C, 0^{* ^j=i Qj)) at P±. Then we have that 

p+(V^[/i+])|o) |o) = 0, p_(v^[/i_])|o) |o) = 0. 

If ao = bo then h G H^{C, Oc{* J2f=i Qj))- Then by similar arguments as above, we can 
show that 

N 

($|p+(V^[/i+])0 u) + ($|p_(t^[/i_])0 0O0u) + ^{^\pj{^[hj])0 (g)0(g)u) =0. 

j=i 

If ao 7^ 6o, then by subtracting from / the constant 6o and multiplying by a constant, we 
may assume that h has Taylor expansions of type (13.160 and (I3.17p . Then by the above 
argument we have that 

TV 



($|0 u) = Y,{^\pMhk])u). 



k=l 

Then we have that 

N N N 

j=l j=l k=l 

N N N 

k=i j=i j=i 

since we have that 

Pj{i)[hj])pk{ip[hk])\u) = -pk{'il^[hk])pjiij[hj]) \u). 

Hence 

N 

Y{^\0 pj(4^[hj])u) = 0. 
i=i 

Thus we conclude that 

N 

{^p+{lp[h+])0 (g) (g) u) + ($|p_(V^[/i_])0® OOu) + ^($|/)j(V^[/ij])0®0®u) = 0. 

Now we can apply Theorem 13.41 twice and obtained the desired result. QED 

Remark 3.1. The choice of |0+^_) is not unique. Any non-zero multiple of |0+^_) gives 
a natural isomorphism of the above theorem. But the above normalization of |0+__) will 
be seen to be compatible with the preferred elements of the ghost vacua on a nodal curve 
and on its normalization. For details see Theorem 16.51 below. 
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4 Sheaf of Ghost Vacua 

The arguments of this section are almost identical to those in [U2], section 4, but for the 
readers' convenience we shall repeat them here in this abelian case. 
Let 

5"= (tt :C ^ B-si,. . . ,sn;^i, - ■ ■ ,^n) 

be a family of A'^-pointed semi-stable curves with formal coordinates. That is C and B 
are complex manifolds, vr is a proper holomorphic mapping, and for each point b G B, 
S{b) = {Cb = 7r~^(6); . . . , SN{b)',^i, • • • , ^n) is an iV-pointed semi-stable curve with 
formal coordinates. We let S be the locus of double points of the fibers of ^ and let D 
be vr(S). Note that S is a non-singular submanifold of codimension two in C, and -D is a 
divisor in B whose irreducible components Di, i = 1,2, . . . ,m' are non-singular. 
In this section we use the following notation freely. 

N 

Sj = Sj{B), S = ^Sj. 

Put 

J'n{B)=J'n^cOb, = Ob (8)c ^t- 

Definition 4.1. We define the subsheaf V'^ahi'S) of J-'lf{B) by the gauge conditions: 

N 

^miplcuj] = 0, for ah ui G 7r*(wc/B(*'S')), 

N 

^{^\-^[fj] = 0, foran/G7r.Oc(*5)- 

i=i 

where loj and fj are the Laurent expansion of to and / along Sj with respect to the 
coordinate ^j. 

The sheaf V^ab(i?) is called the sheaf of {j = 0) ghost vacua or the sheaf of abelian 
vacua of the family ^. Similarly the sheaf Vghi^) of {j = 0) dual ghost vacua of the family 
is defined by 

Vab(5)=^w(S)/^ab(5). 

where J^ab(5) is the O^-submodule of J^n{B) given by J^ab(5) = -^abl^) + ^Ihi^)- where 
j'^b(^) is the span oi^[f]J^N{B) for all / G tx^Oc{*S) and J'l^i^) is the span of iI)[uj]:Fn{B) 
for all (jo G 7r*a;c/g(*S'). 

Note that we have 

VKh{^) = Homo^(Vab(^), Ob). (4.1) 
Moreover, by the right exactness of the tensor product we have that 

Vab(5) ^Os OB,b/mb = VMb))- (4.2) 
Proposition 4.1. The sheaves Vab(5^) ".nd V^ab(i?) o'^e coherent Os-modules. 
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Proof First we need to introduce a filtration on J^. Note that any element of ^ is a 
finite linear combination of elements of the form 

\u) = • • • ip^.i'usi'us-i ■■■^ui |o) 

with fii < ij,2 < • • • < fJ-r < 0, vi < 1^2 < • • • < i^s < 0- Let us define an alternative degree 
d{\u)) by 

i=i j=i 

Note that this alternative degree d{\u)) is different form the degree of the Maya diagram 
associated to \u). We shall only need this alternative degree in this proof and here we 
shall just refer to it as the degree. Let J^d be the subspace of T spanned by the elements 
of degree d. The filtration F, on is defined by 

Note that FpJ^ = for p < and FqJ^ = C|0) + C| - 1). By definition we have that 

V'.Fp.F C Fp_,„i/2.F, Ip^FpJ^ C Fp_^+y2^. (4.3) 

Moreover we have 

Also let us introduce filtrations on C((^)) and C(^))(i^ by 

Fpcm) = cimr", FpCio)d( = cimc'd^- 

Then we have that 

Grfc((e)) = c[e,r'], Gr^ciicm = c[e,rVe. 

Put 

^P[FpCm)dC] = {?Ke)]k(e)eFpC((OK} 

mcim = wmifio^Fpcm} 

By ()4.3p it is easy to show that following facts 

i;[FpC{{Cm]F,T C Fp+,T, ^[FpCmWgJ^ C Fp+,J^. 

let X = (C, Q, ^) be a one-pointed curve of genus g with coordinate. The filtrations F, 
on C((0) and C{{C))dC induce the ones on H'^iC,Oci*Q)) and H°iC,uJc{*Q)) and we 
have that 

FpH''{C,Oc{*Q)) = H\C,OcipQ)), FpH^{C,u;c{*Q)) = H'' {C , u;c (pQ)) ■ 

Thus the filtrations are compatible with the actions of tp[uj] and ip[f] to for to E 
H°{C,uJc{*Q)) and / e H°{C,Oc{*Q)). Hence the inclusion J^(X) C is compati- 
ble with the filtrations and the quotient space V(X) has the induced filtration F,. Thus 
we conclude that 
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Let 1 = ni < n2 < ■ ■ ■ < rig = 2g — 1 he the Weierstrass gap values of the curve C 
at Q. Then Gr^ H'^{C,Oc{*Q)) C C[S,-^] does not contain ^""^ i = 1, . . . , 5 but contain 
n^ni,i = l,...,g. Also Gr^ H^{C,ujc{*Q)) contains all ^'^de, n < 0. Thus 

\u) = V'^iV'^a • • • Ip^.i'usi'us-i ■■■^y^ |0) 

may not be in Gr^V(X) if s = and {/xi, . . . C {— n2 + 1/2, . . . , — + 1/2}. Thus 
Gr^V(X) is of finite dimensional. Moreover if V is the subspace spanned by 

"0-7711+1/2 ^^-012+1/2 ■ ■ ■ V'-m^+l/2|0) 

with 2g — 1 > nil > > ■ ■ ■ > rrir > where 1 < r < 2g, then V is a finite dimensional 
vector space and the natural linear map V Gr^V(X) is surjective. 
Now for a family 

of one-pointed curves of genus g with coordinate, we can introduce filtrations on J-{B), 
^(d) 1 TT>tOc{*S) and Tr^uJc/i3{*S) of Og-submodules in the same way as above so that 
we can introduce a filtration on V{^). Moreover, there is an Og-module homomorphism 
V (E>c Cfi Gfm^id) which is surjective by virtue of ()4.2|) and the above argument. Thus 
Gr^V{^) is a coherent O^-module. Therefore, V{^) is also a coherent Og-module. This 
proves the proposition for the one-pointed case. The general case can be proved similarly 
or we can use Theorem 13.41 to reduce the general case to the one-pointed case. QED 

Let us now show the local freeness of the sheaves Vab(5) and V^ab(5)- For that purpose 
we first introduce a certain Og-sub module C{^) of 

eo.((«7'))4 

j=i J 

and an action of C{'S) on the sheaves Vab(5) and V^ab(5^) as first order twisted differential 
operators. This action will also be used to define a connection on the sheaves Vab(5^) and 

Vtab(5). 

First recall that we have an exact sequence 

N m , 

for any positive integer m. Prom this exact sequence we obtain the exact sequence 

N m , 

- TT^Qc/BimS)) ^00 OB^i'^, ^ R\.Qc/b{-S) - 0. (4.4) 
Hence, we have the following exact sequence of O/^-modules 

N , 

- M&c/Bi*S)) ^^Osi^T^]— ^ R\,Qc/b{-S) - 0. (4.5) 
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Note that the mappings b and bm correspond to the Laurent expansions with respect to 
up to zero'th order. To define the first order differential operators acting on the sheaves 
Vahid) and V^ahid), we need to rewrite the exact sequence ()4.5p in the foUowing way. 
There is an exact sequence 

^ Gc/H ^ ec ^ Tr*eB ^ 0, 

where Qc/B is t^is sheaf of vector fields tangent to the fibers of vr. Put 

e'c^^ = d7T-\7r-'Qsi-logD)). 

Hence, 0^ ^ is the sheaf of vector field on C tangent to S whose horizontal components 
are constant along the fibers of vr. That is, 0^ ^ consists of germs of holomorphic vector 
fields of the form 

i=l i=m'+l 

where {z,ui, . . . , Un) is a system of local coordinates such that the mapping vr is expressed 
as the projection 

■k{z,Ui,. ..,Un) = (■Ul, ... ,Un) 

and 7r(S) = D is given by the equation 

Ul ■ U2 - ■ ■ Um' = 0. 

More generally, we can define the sheaf Q'(^{mS).j^ as the one consisting of germs of mero- 
morphic vector fields of the form 

^(.,n)- + ^i?.(n)..— + B.{u) — , 

i=l i=m'+l 

where A{z, u) has a poles of order at most m along S. Now we have an exact sequence 

^ Oc/BimS) ^ e'ci^S)^ ^ TT-'Oei- log D) ^ 0. (4.6) 

Note that 6^(m5),r has the structure of a sheaf of Lie algebras by the usual bracket 
operation of vector fields and the above exact sequence is one of sheaves of Lie algebras. 
For m > jj'i'ig — 2), by (14. 6|) we have an exact sequence of Og-modules. 

^ 7r,ec/B{mS) TT.e'ci^S)^ ^ et3{- log D) ^ O, (4.7) 

which is also an exact sequence of sheaves of Lie algebras. Taking m ^ oo we obtain the 
exact sequence 

^ vr,ec/B(*5) vr,G^(*5)^ ^ Gb(- log D) ^ 0. (4.8) 
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The exact sequences (I4.5p and (I4.8p are related by the following commutative diagram. 
^ 7r,ec/B{*S) ^ vr,e^(*5), ^ eB(-logL») ^ 

II i p i p 

^ vr,ec/B(*5) ^ 0f^^Og[^-i]^ ^ i?i7r,Gc/B(-S) - 0, 

where p is the Kodaira-Spencer mapping of the family 5 and p is given by taking the 
non-positive degree part of the -4- part of the Laurent expansions of the vector fields in 
7r*0^(*S')7r at Sj{B). 

In the following, for simplicity we assume that the Kodaira-Spencer mapping p is an 
injective homomorphism of Og-modules. Therefore, p is an injection. Let 

be defined by taking the — — part of the Laurent expansions at Sj{B). Since p is injective, 
p is injective. Put 

C{'S):=p{^,Q'c{*S)^). (4.9) 
Then, we have the exact sequence 

^ 7r,Gc/B(*S) £(5) ^ Qb{- log D) ^ (4.10) 

of Og-modules. This is the exact sequence corresponding to (j4.5p . 

The Lie bracket [ , ]rf on C[^) is obtained from the bracket on 7r*0^(*S')7r by the 
mapping p. Thus, for £, m £ C{^) we have that 

[I rn]d = [I m]o + e{i){m) - 9{m){i) (4.11) 

where [•, -Jo is the usual bracket of formal vector fields and the action of 9{i) on 

^ f d d 
m = TTii——, . . . , mjv" 



dCi dS,N 
is defined by 

(e{£)i7m)^,...,9{i)imN)- 



d^i dS,N , 

Then, the exact sequence (|4.10p is also an exact sequence of sheaves of Lie algebras. 
Let us define an action of £(5^) on T^iB). 

Definition 4.2. For /= (£i, . . . .^jy) G £(5^), the action of £>(/) on TNiB) is defined by 
D{i){F ® In)) = e{i){F) ®\u)-F.{^ PjiTU)) W)^ (4-12) 
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where 

F G Ob, \u) G J^n, 

and 

T[£] = Res{T{z)e{z)dz). 

z=0 

The foUowing proposition can be proved in the same manner as Proposition 4.2.2 of 
[U2]. 

Proposition 4.2. The action D{i) of £ G on J-'n{B) defined above has the following 
properties. 

1. For any F G Ob we have 

D{Ft) = FD{i). 

2. For i, fh ^ ^{-S) we have 

3. For F eOB and G J^Ni^) we have 

Die)iF\4>)) = {9ie){Fm+FDim. 

Namely, D{i) is a first order differential operator, if 9 {I) / 0. 
We define the dual action of C{^) on J^\q{B) by 

TV 

D{i){F ® ($1) = e{i){F) ® ($1 + . ($|p,(r[^,]). (4.13) 

where 

F G Ob, m G •^^(^)- 
Then, for any \u) G Tn{B) and ($| G T^^^^iB), we have 

{Diimm + mD{m)} = emm- (4.14) 

This agrees with the usual definition of the dual connection. 
Now we shall show that the operator D{£) acts on Vab(S^)- 

Proposition 4.3. For any I G C{'S) we have 

D{i){j'^^m) c .^ab(^). 

Hence, D{tj operates on Vab(i?)- Moreover, it is a first order differential operator, if 

e{i) 7^ 0. 



29 



Proof. An element of J-ahid) is an Og-linear combination of elements of the form 

N N 

where 

F,F'eOB, w G 7r*(wc/B(*5)), feTT,Oc{*S), \u) e Tn 

and fj is the Laurent expansion of / along Sj = Sj{B) with respect to the coordinate 
and likewise for uj. First we shall show the following equality as operators on Tn{B) 

N N 

D{i),Y,pMf,\)\ = (^[mu3)+i,{fj)\) , (4.15) 

i=i j=i 

where 9{£) operates on the coefficients of fj. By Proposition 14.21 (3) it is enough to show 
the equality ()4.15p as operators on J^j\f. For \u) £ T]\f, by ()4.12p we have 

N N 

i=i j=i 

N N 

i=i i=i 

N 

=T.{pj{^m{f,)+m))}])w)- 

i=i 

This implies equation (j4.15p . Now 0{£){fj) +lj{fj) is nothing but the Laurent expansion 
at Sj{B) of the meromorphic function t(/i) where r = p~^{i) G 7r*(0^(*S')^). Hence, we 
have the result that L>(f)J^° -^(J) C ^^Q^^id)- 

Next let us consider lj G 7r*(LJc/B(*«S')). For r = p~^{i) G vr*(0^(*S')7r) put 

Then the Laurent expansion of lj along Sj is written as 
where cnj = Aj{^j)d^j and 

= Mi/-^- 

Now we are ready to prove the following equality as operators on !Fi^{B) 

N N 

D{i),Y,P3{^[^3\)\ =-Y.Pi (^P^-]) • (4.16) 
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Note that uj G 7r*(a;c/B(*5')). Hence, the equahty (I4.16p imphes the desired result. To 
prove (j4.16p it is enough to show that for 



n=— no 

oo 

A{z)dz = ( ^ amz'^)dz 



UJ 



m=—mo 



we have that 



-iPmz)A'{z)+A{z)£\z)}dz]. 



This can be proved as follows. First note that by (|3.2p we have that 



-(n + /c + l)V'n+fc+l/2- 



Hence 



n,fc 



= -'^[{e{z)A'{z)+A{z)i'{z)}dz]. 
From this we conclude that D{i)J^l^{'S) C .^ab(T^)- 



QED 



Proposition 4.4. For eac/i element £ G -D(^) acts on V^ab(5)- Moreover, if 0{£) 7^ 

as a twisted first order differential operator. 

Proof. Choose 

For any element / G 7r*(C'c(*5')) and \u) £ Tj\f{B), by Proposition 14.31 and ()4.14p we have 
that 

{Diimmm = o{£)mm\u)) - {^uDmmm = o. 

Thus we conclude that 

The remaining statement is an easy consequence of definition ()4.13p . QED 

Corollary 4.1. The Os-module V^ab(5^) is locally free on B\D. 
For a proof see [U2], Proposition 4.2.4. 

For a coherent Og-module the locus M consisting of points at which Q is not locally 
free, is a closed analytic subset of B of codimension at least 2. Therefore, we have the 
following corollary. 
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Corollary 4.2. Let W be the maximal subset of B over which Vab(5^) is not locally free. 
Then, W is an analytic subset of B and 

Since we defined 

V^ab(5) =Homo^(Vab(5),OB), 

we have the following corollary. 

Corollary 4.3. V^ab(T?)lB\D is a locally free Os-module and for any subvarietyY ofB\D 
we have an Oy -module isomorphism 

These two corollaries play a crucial role in proving locally freeness in general. The 
above corollaries imply the following theorem. 

Theorem 4.1. If^ is a family of N -pointed smooth curves with formal coordinates, then 
Vab(i?) o,nd V^ab(i?) o,f^ locally free Os-modules and they are dual to each other. 

Note that for the bilinear pairing 

(•!•) : Vab(;?)x Vtab(5)^OB, 

we have the equality 

{D{im}\u) + m{D{I)\u)} = e{i)mu)). (4.17) 

Now let us define a connection of V^ab(5^)- First note that by direct calculations we 
have that 



5^ ^(m + m\Pj{^m+l/2i^n-l/2)\u)Cr-%'' 



m=—oo n=l 

OC' CXD 



m=—oo n=0 

This implies 

\2 



/ -|- I \ 



($|p,(T(e,))|u)(de,)^ 

= cjr^, + (j^^^)2 ^CirfCi} • (4.18) 



Note that we can as in [U2, 3.4] define the correlation functions 

($|^^^^(z)|u)dw;cZz, {'^\T{z)\u)dz'^ 
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such that 



{<^>\T{z)\u)dz'^ = hm \ {<^\^^^(^'ilj{z)\u)dwdz + -^^^^dwdz 
... .-I _ 



Note that {^\^^^{z)\u)dwdz is a meromorphic section of pIujc/B '^Ocy „ P2^C/B over 
B whose Laurent expansion in a neighbourhood of Sj x Sj is equal to the above expansion 

of {^\pj l"*^)' where pi : C x 13 C —>■ C is the projection to the i-th factor. 

Now choose a meromorphic bidifferential 

uj G H^{C XbC,ujcxbc{2A)) 

which has the form 



uj{w,z) = + holomorphic 



dwdz 

{w — zy 

in a neighbourhood of the diagonal A of C xqC. Define T{z) by 



(«>|pj(r(z))|n)(dz)2 = hm^|($|^^^V'(-2)l^i)dw^rf-z + (^k)t^(u',^) \ . (4.19) 



Then {^\pj(T{z))\u){dz)'^ is a global meromorphic form, that is a meromorphic section 
of uJc/B over B. The projective connection S^{z)[dzY associated to the bidifferential oj is 
defined by 

S^{z){dzf = 6 lim L{w, z) - (4.20) 

w^z I [W — Z)'^ ) 

Then, by (fiJ9]l we have that 

{^p,{T{z))\u){dzf = {^f{z))\u){dzf - \{^u)S^{z)\dz)\ (4.21) 
Then for any element |m) G !Fn by (j4.12p 

N 



mD{i)\u)] = -Y,'^%{m,mpAnm^)di 



iV 



+ i(cI>|n)^Res(£,(e,)5Ue,)'iO). 



i=i 

If 9{l) = 0, that is i is the image of a global vector field r G tt* (0^/0(6')), then 

^,(e,)($l/0i(r(c,))l^)d6- 

is the Laurent expansion of a global meromorphic relative one-form which has poles only 
at Sj. Hence the first term of the right hand side of the above equality is zero. Therefore, 
in this case we have that 

N 



mD{I)\u)} = ^ Res {lj{i,)S^{i,)di 
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Now put 

TV 

bUi) = Yl UjmSU^,)dC,) . (4.22) 

Then this defines an Og-module homomorphism 

: C{d) ^ Ob, 

and if 9{i) = then we have that 

m{Dii)\u)} = lb^{e){<^\u). 

For a vector field X G 0( — log D) on B tangent to D choose £ e C{d) such that 9{£) = X. 
Then the connection on Vab(5^) is defined by 

v^-)([i*)]) = D{i)m]) - humm, (4.23) 

for I'l') G Vab(5^)- Dually the connection on V^ab(5^) is defined by 

v!,")((ci>i) = D{i)m) + huemi), (4.24) 

for ($1 G Vtab(5). These are well-defined, that is the right hand sides of (14.230 and (I4.24|] 
are independent of the choice of £ G ^{S) with 9{l) = X. Just like for the non-abelian 
conformal field theory (see for example [U2], section 5) we can prove the following theorem. 

Theorem 4.2. The operator V^^^ defines a projectively flat holomorphic connection of 
the sheaves Vab(T?) o-nd V^ab(i?)- Moreover, the connection has a regular singularity along 
the locus D C B which is the locus of the singular curves. The connection V^"^^ depends 
on the choice of bidifferential uj and if we choose another bidifferential lo' then there exists 
a holomorphic one-form (poj^uj' on B such that 

V^)-Vj'') = ^(0^,^,,X). (4.25) 
Moreover, the curvature form R is given by 

RiX,Y) = -{b^in) - XibUm))+YibUi)) - Res {—ImjdQj, (4.26) 

j=i ^ 

where X ,Y G Qc/b{*S)), I rh G £(?) with X = d{£), Y = e{rh), and n G £(5) is defined 
by n= [£,m]d {see (HHH)). 

Remark 4.1. For the connection on the sheaf of non-abelian vacua V^y^id) of level / over 
B with gauge symmetry g, a complex simple Lie algebra, the curvature form is given 
by 

R^{X,Y) = ^R{X,Y). id 

where ^ ^_ 

c„ = — g* is the dual Coxeter number of q. 

1 + 9* 

For the details see [U2], section 5. 
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5 Degeneration of Curves and Sewing 



From a curve with one ordinary double point, we construct via the usual sewing a one- 
parameter family of curves over a disk, whose fibers over the punctured disk are smooth 
curves. We shall show that the sheaf of j = ghost vacua gives an invertible sheaf over 
the whole disk. This implies that the dimension of the space of ghost vacua is one for 
any pointed curve. The arguments of this section are almost the same, as those from [U2] 
section 5, we just need to modify a few arguments in our setting. 

First we recall certain basic facts about the energy-momentum tensor and the fermion 
operators. In the i = ghost system, the energy-momentum tensor T{z) is given by 



dij{z)-. 
Note that we have the formula 

oo oo 

Ln = Yl klpn-k+l/2i'k-l/2 + Yl ^V'-fc-l/2^n+fc+l/2- (5-1) 
k=0 k=l 

If n 7^ then by the anti-commutation relation (jl.Sp we have that V'n-A:+i/2V'A;-i/2 = 
-'0fc-i/2V'n-fc+i/2 and V-fe-i/2V'n+fc+i/2 = -V'„+fc+i/2V'-fe-i/2- Thus the normal ordering 
is non-trivial only for L^^ and we have that 



4°^ = + V2)V'->. + ^(i^ - l/2)V'-.V'.. (5.2) 



(0) _ 

In the following, we often use the notation T{z), Ln instead of T^^\z) and By ()3.2p 
and (|3.3|) we have that 

[Ln^^u] = -{n + v + l/2)i,n+u, (5.3) 

[^n,V^J = -(n + zy + l/2)V^„+^ + (n + l)V^„+^. (5.4) 

In particular we have that 

[Lo,V'.] = -(i^ + l/2)V'., [Lo,V^J = -(!/- 1/2)V^,. (5.5) 

Note that the degree of the element 

with ;Ui < /X2 < • • • < Mr < 0, z^i < z/2 < • • • < z^s < is given by 

r s 

d{\u)) = -Y,^^^-J2^J-pV'^ (5.6) 

i=l j=l 



where p = r — s is the charge of the element. By (15.21) and ()5.5p we thus see that 

Lo\u) = {d + p{p+l)/2)\u). 
Hence we have the following lemma. 
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Lemma 5.1. On J-d{p) the operator Lq acts by multiplication by the scalar d + p{p+l)/2. 

Lemma 5.2. For any element \u) £ J'd{p) oind any half integer v £ Tjh we have that 

deg(V'i.lu)) = d + p- + 1/2), deg(V^^lu)) = d - p - {v + 1/2). 

Proof. Note that the charge oi '4)y\u) is p — 1 and the charge oi il)J\u) is p + 1. By 
()5.5p we have 

Lo(^^h)) = MLo\u)) + l/2)V^|n) = {d + p{p + l)/2 - {u + l/2)}^^|u). 
Hence, we get that 

deg(V'^lu)) =d + p{p + l)/2 - (z^ + 1/2) - p{p - l)/2 = d + p-{v + 1/2). 
By the same way we can show that 

Lo{^u\n)) ={d + Pip + l)/2 - (i/ - l/2)}i;u\u). 

Hence 

deg(V^Jn)) = (i-p- (1/ + 1/2). 

QED 

Let 

\u) = i'^^i't,2 ■ ■ ■ i't.r^usiPu,^^ ■■■i^u^ |o) 

fjLl < fjL2 < ■ ■ ■ < fir < 0, Ui < 1/2 < ■ ■ ■ < Us < 0, 

and M £ M{p) be the Maya diagram corresponding to \u). Then 

|M) = (-i)ELi-.+«/2^^^v^^^ ...V,,JO). 
Let us introduce a bihnear pairing 

( I ):T{p)xT{p)^C 

by putting 

(|M)||iV)) = {M\N) = 6m,n 

for Maya diagrams M,N £ M{p). The pairing is perfect on J-d{p) x J-d{p) and zero on 
^d{p) X ^d'{p) for d ^ d' . Note that the bihnear pairing ( | ) is symmetric. 

Lemma 5.3. 

{ipu\u)\\v)) = {\u)\tp_^\v)), for\u)eJ^{p+l),\v)£j^{p), 
ii^Mllv)) = {\u)\4^-u\v)), for\u) e J='{p-1), \v) e J='{p). 
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Proof. It is enough to consider the case in which \u) and \v) are Maya diagrams. 
Assume 

|M) = (-i)E-=i-.+^/2^^J^^ ...^^JO), 
with /xi < < • • ■ < Atr < 0, z^i < f2 < • • • < i^s < 0. Then we have that 

For simplicity assume that v > Vs- Then {^l},^\M) \\N)) 7^ if and only if the Maya diagram 
N has the form 

In this case 

(V'.IM) I \N)) = (-l)-+V2+r_ 

On the other hand 

^_JiV) = (-l)-+V2+'-|M). 

Hence 

{i^,\M)\\N)) = {\M)\^_,\N)). 

Other cases can be treated similarly. QED 

Let r : J-{p) J-{—p) be a mapping defined by taking the mirror image of the Maya 
diagram with respect to and interchange white and black. Namely, if 

|M) = (-i)EI=i-.+V2^^^^^^ . . . V^^^V'.^..-! • • • V'.JO), 

with /xi < < • • • < Mr < 0; z^i < 2^2 < • • • < < 0, then r(M) is defined by 

|r(M)) = (-l)^^-i^^+''/V.A,---?.>M>M.-i---V'«|0). 
Note that we have 

charge(r(M)) = — charge(M) and deg(r(M)) = deg(M). 
Hence, we have a linear map 

Now for any integer p let us introduce a bilinear pairing 

{ I } : J'dip) X :Fd{-p) ^ C. 

For that purpose put 

J 1, n = 1, 2 (mod 4) 
aw - I -1, n = 0,3 (mod 4) 

Then it is easy to show that we for any n G Z get that 

a(n + l) = (-lf+^a(n). (5.7) 
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The bilinear pairing { | } is defined by 

{\u) I \v)} = a(charge(|u)))(|n) | r{\v))). (5.8) 

In particular for Maya diagrams M £ M{p) and N £ A4{—p) we have that 

{|M)||Ar)} = aip){M\r{N)) = a{p)6M,riN)- 

Note that the pairing { | } : J^d{p) x ^d{—p) — > C is perfect and that it can be 
extended to !F{p) x !F{—p) — > C by requiring that the pairing is zero on J^d{p) x ^d>{—p) 
for d 7^ d! . Now from the above Lemma 15.31 we obtain the following results. 

Lemma 5.4. 

{i^u\u)\\v)] = {-l) — ^'Wu)\^.Av)], 

{i^uW)\\v)] = {-i)-^-'/H\u)\^_M}- 

Proof. By the definition of the mapping r we have that 

Hence by Lemma and (|5.7|) for \u) G T{p + 1) and \v) £ ^{—p) we see that 
{'4'y\u)\\v)] = a{p){iJu\u)\r{\v))) = a{p)(\u)\%l)_^r{\v))) 
= {-l)-^+y^+Pa{p){\u)\r{4^.,\v))) 
= {-l)-'^-^/^a{p+l){\u)\r{i;.M)) 
= {-l)-'~'/'{\u)\i;.M}- 
By a similar argument we can show the second equality. QED 
Let us introduce the shift operator s : J-{p) — > J-{p + 1) by defining 

s{iJi){v) = - 1) + 1, 

for a Maya diagram M with characteristic function jj,. E.g. 

= i/j^.-ii'f.^-i ■ ■ ■ i/jf.^-ii'us+ii^us-i+i ■ ■ ■ V'z.l+lll) 

V'.i+ilo) 

with fii < ^2 < • ■ ■ < fJ-r < 0, Ui < U2 < ■ ■ ■ < Us < 0. 

Now the bilinear pairings 

{ I }+:T{p)xT{-p-l)^C 

is defined by 

{\u) I \v)}+ = {\u) I s{\v))} = a(charge(|n)))(h), | r{s{\v))). (5.9) 

Note that the pairing { | }+ is perfect on J^d{p) x ^d{—p — 1) and zero on J^dip) x 
J^d'i-P-I) iovd^d'. 

Finally we obtain the following result which play an important role in the sewing 
procedure. 
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Lemma 5.5. We have the following equalities 



mu)\\v)}+ = {-l)-''-'/'{\u)\^p.,,i\v)U, 

Proof. These results follow from Lemma 15.41 and ()5.9p . QED 

Let us now consider a one-parameter family of curves which is a family of smooth 
curves degenerating to a single nodal curve. 

Let Co be a complete curve with only one ordinary double point P such that Co\{P} is 
non-singular. Let Qi, Q2, . . . ,Qn be distinct non-singular points on Cq. Let u : Cq ^ Cq 
be the normalization of the singular curve. Put {P-f,P_} = i^^^(P). 

Lemma 5.6. There exist a meromorphic vector field f G H^{Co7&Co{*'^f=iQj)) o-i^d a 
coordinate neighbourhood Uj^ (resp. U-) of the point P+ (resp. P-) with local coordinate 
z with center P+ (resp. w with center P_j such that we have 

U+ = {z\\z\ <l}, U^ = {w\\w\ <l} 

-Id ~ I d 



This lemma is a special case of lemma 5.3.1 in |U2j . For the convenience of the read 
we give the proof in this special case here. 

Proof. Choose coordinate neighbourhood C/+ (resp. C/_) and a local coordinate 
X with center P+ (y with center P-). Then we can find a meromorphic vector field 
/ e ifOlCo, eco(* Ef=i Q3)) such that 

l\u, = i^x + a,x' + • • • l\u.=ily + ^'y' + ■ ■ ■ 

Then, by solving the following differential equations 

= \z^, z{0)=0, 

~, , 1 dw , , 

= -vj—, w{0)=0, 
2 dy 

we obtain holomorphic functions z and w in neighbourhoods of P+ and P_, respectively. 
It is easy to show that z and w give local coordinates with center P+ and P_, respectively. 
Moreover, choosing U± smaller if necessary, by the differential equations we have 

Replacing z by cz with c 7^ and w by c'w with c' 7^ we may assume that 

U+ = {z\\z\<l}, U^={w\\w\ <1} 

QED 
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Let us now construct a flat one-parameter deformation of Cq. We do this just like in 
section 5.3 in |U2j . Let 

D = {q£C\\q\<l} 

S = { {x,y,q) e \ xy = q,\x\ < l,\y\ < l,\q\ < 1} 

Z = {{P,q)eCoxD\P£Co\{U+UU-), ov P£U+,\z{P)\>\q\} 

W = {iQ,q)eCoxD\QeCo\iU+UU-), orQeU^,\wiQ)\>\q\} 

Now introduce an equivalence relation ~ on Z U 5* U Vl^ as follows. 



1) Zn (C/+ xD)3 {P, q) ~ (x, y, q') e S ^ (x, y, q') = {z{P),q/ z{P),q) 

2) Wr\ ([/_ xD)3 (g, q) ~ (x, y, q') e S ^ (x, y, q') = {q/w{P),w{P), q) 
2) Z3{P,q)^{Q,q')eW ^{P,q) = {Q,q') 

Let C be the two-dimensional complex manifold obtained as the quotient of Z L\ S UW 
by this equivalence relation. There is a proper holomorphic map vr : C — > D such that the 
fiber over the origin is Cq and for ^ 7^ the fiber Cq = vr~^(g) is a non-singular curve of 
genus g + 1 or g according as Cq is connected or not, where the genus of Cq is g. The family 
TT : C ^ D is a flat deformation (or smoothing) of Cq. Let us assume that Qj ^ C/+ U U-. 
Then, the point Qj G Cq \ {P} defines a holomorphic section ai : D ^ C. Let us choose 
a local coordinate with center Qi. Put 5^ = (vr : C ^ L>; cJi, . . . , cjat; ^1, . . . , ^_;v). The 
meromorphic vector field I given in Lemma 15.61 defines local vector fields 

1 = mi)^M{i2)^,....lN{iN)-^) 

where Iji^j)-^ is the Laurent expansion of I with respect to the coordinate with center 
Lemma 5.7. The local vector fields I is an element of C{^) and we have 

Proof. The meromorphic vector field 

[- — 
dq 

is a holomorphic section of 7r*0^(* X^j^i ^ji^))^^ over D. This show the first part of the 
proposition. A proof of the second part can be found in [U2, Corollary 5.3.3 ]. QED 



Theorem 5.1. Put 

3t = {Co;P+,P-,Qi,.. .,Qn,z,w,Ci, ■■■,^n) 

and 



X = (Co;(5i, • • ■,Qn,Ci, • • • ,C 



N) 
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Then for any element ($| G V^ab(^) there exists a unique global flat section {^{q)\ of 
the sheaf of ghost vacua VTab(5) over the disk such that (^(0)| is the element of V^ahi^) 
corresponding to the element ($|, i.e. 

($(0)|u) = {<^\0+-®u) 

for any \u) € J^jy- 

Proof Let {vi(d,p)}i=i^,„^rnd be a basis of J^d{p) for any peZ and {f*(ci,p)}i=i,...,„i^ 
be the dual basis of J^d{—P — 1) with respect to the pairing { | }+. Note that J^o{p) is 
spanned by \p) over C and we choose vi{0,p) = \p) for all p G Z. Then v^{0, —p — 1) = 

Define {^{q)\ by 

oo 

{^q)\u) = J2{Y1 ^(-'^T^'^i^\^iid,p) ® v\d, -p - 1) ® u)^q'^+P^+'^y\ (5.10) 
peZ d=0 i=l 

Then by Theorem 3.5 (i(0)| G V^ghi^) is the element correspondingjo (#|. 

Let us show that {^{q)\ satisfies the gauge conditions. Since {^{q)\ is defined as a 
formal power series, we will first prove the formal gauge conditions. Later we shall show 
that {^{q)\ satisfies a differential equation of Fuchsian type so that it converges. Then, 
the formal gauge conditions implies the usual gauge conditions. 

Choose r e '^*{'jJc/b{*^))- ^ neighbourhood of the double point P in C, r can be 
expressed in the form 

r = ( ^ an,mz'^w'^) [dz A dw/dq] 

n,m>0 

where [dz A dw/dq] is a local basis of wq/b such that 



Now put 



dz duj 
V* {[dz ^ dw / dq])\u+ = , v*{[dz A dw/dq])\u_ = — ■ 



, OO OO 

r+ = -n,rnZ-ilni-f) = Y.{-Y.-rn,nZ----'dz}q^' 

n,m>Q n=0 m=0 



- = iE -^A^r-^'^)'-^ = E{E-n,mW---'dw)}q-, 

n,m>0 n=0 m=0 



CX) OO 



and 



OO 

m=0 

OO 

ri") = {J2an,mW^-''-')dw. 

m=0 



Then 



OO 



r| 'q , T^ = 2^t1. 'q 

n=0 n=0 
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It is easy to show that there is a unique r^") G {Co, uJQ^^{*{P-^- + P_ + J2f=i Qj)) such 

that {t^^ is the Taylor expansion of r*-"-* at P±. the data {t^\ t^"'\C)} define a 
meromorphic one- form . Hence by the first gauge condition for (<I>| we see that 

($|^[r|")]t;,((i,p) v'{d, -p - 1) u) 

+ {<^\vi{d,p) <S) i^[T^^'^]v\d, -p - 1) 8) u) 

N 

- ^{^\vi{d,p) v\d, -p-1)^ PjWrj''^])u) = 0. 
i=i 

Hence 

N oo N oo 

j=l n=0 j=l n=0 

oo oo rrirf 

= E E E E(-i)''^'{(^i^[4"^]^«(^>p) ® ^'('^^ -p - 1) ® u) 

pGZn=0 d=0 «=1 

+(-lf(«>|t;,(d,p) -p - 1) ® n)}g'^+"+P(P+i)/2. (5.11) 

Note that 

oo 

^[t+^] = - E '^rn,n^m-n-l/2, 
m=0 
oo 

= E (^ri,m^m-n-l/2- 
m=0 

Then by Lemma 15.51 

"id 

^^^(^iV^iTl^ViKp) ® ^^*(^, -p - 1) 

oo 

= - E E «-,n(^IV'rr.-n-l/2^.('i,p) ® "P - 1) g'^+^+f (P+D/^ 

i=l m=0 

oo ^d+p — m + n 

= -EE E am,n{V'm-n-l/2l'iKp)k^('^ + P-"i + n,-p)} + 
m=0 1=1 j=l 

■ {^\vj{d + p - m + n,p - 1) (g) v'{d, -p - 1) ® 

— m + n 

= -EE E (-l)""™am,n{^i(f^'P)IV'n-m-l/2t'^('^ + P-"i + n,-p)} + 
m=0 i=l i=l 

• {^\vj{d + p - m + n,p - 1) ^ v'{d, -p - 1) 
= J2 E (-ir~'"+'a„,„(«>|t;,(d + p-m + n,p-l) 

m=0 J=l 
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Hence 

oo 

J2 ^{-'^y^''{'^\ij[r+^]vi{d,p) v'{d, -p - 1) u)g'i+"+p{p+i)/2 

n=0 i=l 

oo oo ^d+p — n + m 

= E E E (-l)'''"+'"+^+'«n,m(^b, (rf + p- n + m,p-l) 

71=0 m=0 j=l 

Vm-n-i/2^-''(fi + p - n + m, -p) 

Put 

d = (i + p — n + m. 

Then 

d + n + p{p - I) /2 = d + m + p{p + 1) /2. 
Hence the right hand side of the last equahty can be rewritten in the form 

oo oo "^iT _ _ 

E E E(-l)'"''«".-^^l^^(^'^ - 1) ® V'ni-n-l/2^^'(d, -P) ® 

71=0 7Tl=0 j = l 

OO "^d _ _ 

= Y.^-'^^'^^\^\^jid,p -1)0 i^[T^^'^]v^ {d, -p) ® 

n=0 j=l 

Hence 

OO oo 7T1;J 

E E E Y.^-'^y^'^^^\'i'^^+^^<'^^p) ^ '^'(d, -p-i)(g) 

pGZn=Od=0 i=l 

oo oo TTld 

= - ^ ^ ^ ^(-l)'^(«>|fj(d,p - 1) V'[Ti"^]t'^'(<i, -p) 

pgZ7i=0 d=0 7=1 

oo oo 

peZ7i=o d=o 7=1 
Therefore, by (jS.lip we conclude that 

N oo 
jr=l n=0 

This proves the first formal gauge condition. Similarly, we can show that the second formal 
gauge condition also holds. 

Next we shall show that the formal power series (jS.lOp is a formal solution of a Fuchsian 
differential equation. Hence the power series (|5.10p indeed converges. Therefore the formal 
gauge conditions are nothing but the usual gauge conditions. 

Note that on the punctured disk D* we have the connection introduced in section 4. 
For the local vector field I defined by the meromorphic vector field I in Lemma 15.61 the 
corresponding connection has the form 

d ~ ^ ~ 1 ~ 

q-mq)\u)) - Y,{HQ)\pmk])^) - Mmmw) = o (5.12) 
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where uj is an element of 
with 



dvdu 

{y — uy 



+ holomorphic at A, 



where A is the diagonal of C x C and if pj : C x £> C ^ C is the projection onto the j'th 
factor, then 

^ffn = Pl^C/D ® P*2^C/D- 

The formal correlation function {^{q)\T{z)\u)dz'^ which will be later proved to be an 
element of {{C , ojc / d)'^'^ {* Ef=i Sj{D)) is defined in (fm]) : 

{^q)\f{z)\u)dz^ = lim -|($(g)|^^i^V'(2)|n)du;(iz-u;(u',z)($(g)|u)du'dz|. 



w^z 2 

Then, by ([OT]) we have that 



mq)\T{z)\u)dz^ = mq)\T{z)\u)dz^ + -mq)\u)SUz)dz\ 

b 

d 



(5.13) 



Let I = liz)—— be the meromorphic vector field defined in Lemma 15.61 For g 7^ 

dz 

I- {^q)\f{z)\u)dz^ = l{z){^q)\f{z)\u)dz 
is a meromorphic one-form on 

C; = C,\{ (x,y,g) g5| |x| <e, |y| < e } 
where e < 1 is a sufficiently small positive number. 




44 



The boundary of consists of two disjoint curves j±. We choose the orientation of 
7± in such a way that Cg lies to the left of j±. Then, we have that 



N 

= Y,^esQ.{l{z){^q)\f{z)\u)dz} 



TV , N 



3=1 j=l 

= J2i^{q)\pj{T[l{Q])u) + bUimq)\u). 

j=i 

On the curve 7+ 

~ 1 d 
2 dz 



Hence 

1 



Att 



liz)mq)\T{z)\u)dz 

7+ 



'7+ 

-,2 



z{mq)\T{z)\n) + 
Since S^{z)dz^ is holomorphic at 2; = 

On the other hand 
1 



47rv^ 



z{<^{q)\T{z)\u)dz 

7+ 

°° ™d (_T\p+d 



_ 00 md 

= 2 ^ E i;(-ir"($|i>oK(ci,p)) ® ^^^(ci, -P - 1) C3 

peZ d=0 i=l 



peZ d=0 i=l 

Similarly 
1 



l{w){^{q)\T{w)\u)dw 

7- 

00 rrtd 



27rv^, 

= ^ E E E(-l)''^'('^ + ^-^^P^m<d,p) ® v\d, -p-l)® u)q''+P^+^y\ 



2 

pGZ (i=0 i=l 
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Thus we obtain that 

N 

pGZ d=0 i=l 

On the other hand 

^ pGZ d=0 i=l 

Hence {^{q)\u) is a formal solution of the differential equation 
H ~ ^ ~ 1 

q-mq)\u) - j2mQ)\Pjimm^) - ^umu) = o 

which is of Fuchsian type. Hence {^{q)\u) converges for all u £ Tn- QED 
Now let us give a proof of Theorem 3.2. 

By (|4.2|) and Theorem 14. II dim VKv. (X) depends only on the genus of the curve C and 
the number of the points, if the curve C is non-singular. Moreover, by Theorem 13.41 
dim V^ab(^) depends only on the genus of the curve C provided C is non-singular. Put 

for a non-singular curve C of genus g. 

Now assume that the curve C has one double point P. Let 3^ = (vr : C — > Z?; s+, s_, ^i, . . . , 
be the family constructed above so that g 7^ is a non-singular curve of genus g. 

Then, by ()4.2|) and Proposition 14.11 

d{g) = dimVtab(X) = dimVab(5(0)) > dim Vab(i?(9)) = dim Vtab(5(g)). 

Moreover, by Theorem 13.51 we have that 

dimVtab(X) = dimVtab(X) = d{g - 1). 

On the other hand by Theorem 15.11 

dimVtab(i?(0)) <dimVtab(5(g)). 

Hence 

d{g - 1) = dimVtab(i?(0)) < dimVtab(i?((z)) = d{g). 

If the curve C has m double points, applying Theorem 13.51 m times we conclude that 
dim V^ab(-X) is independent of X. In Example 13. H we showed that dim V^ab((P^ 0; z)) = 1. 
Hence, by Theorem 13.41 for any X we have that dimVfab(3e) = 1. QED 
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Corollary 5.1. The connection (I5.12|) extends holomorphically over q = 0. 

Proof. Since {^{q)\ is a single valued holomorphic function and the differential 
equation (I5.12p is of Fuchsian type, 

^ ^ 1 ~ 

must be divisible by q. Hence the differential equation has no singularity at g = 0. QED 
Theoren j3.2l implies the following important fact. 

Theorem 5.2. For a family 

^ = {tt : C ^ B;si,. . . ,sn;S.i, ■ ■ ■,(.n) 

of N -pointed semi-stable curves with formal neighbourhoods the sheaf V^ah{d) of ghost 
vacua and the sheaf V^hid) of dual ghost vacua are invertible Os-modules. Moreover, they 
are dual to each other. 

Proof. By Theoren3 l3.2l and (j4.2p . for any point b £ B the vector space Vab(5^) 
Oi3,b/^b is one-dimensional. As VabiS) is a coherent Og-module, this implies that Vatid) 
is an invertible Og-module. Then, by (|4.ip V^ab{-S) is also an invertible C^-module. QED 

Next we shall consider smoothing of a family of nodal curves with sections and formal 
coordinates. We need to generalize the above construction. 
Let 

:S = {n : C ^ E;si, . . . , sat, t+, t_; ^i, . . .,(,n,z,w) 

be a family of (A^ + 2)-pointed smooth curves with formal coordinates. Assume that 
A^ > 1 and S is a small polydisk {{ui,...,Um) £ C^llujl < e, 1 < i < m}, and^z, 
w are holomorphic coordinates such that there exists a meromorphic vector field / G 

^C/E^ 



H^{C,Q^,J*S)) with 



~ I d J Id 
There always exist such coordinates by Lemma 15.61 Put 

N 

S = Y,Sj{E), S± = t+{E)+t_{E). 
Then for any positive integer M we have and exact sequence 

dn 







where is the sheaf of relative holomorphic vector fields and Qz denotes the sheaf of 

holomorphic vector fields on some complex manifold Z. Put 

e^(-5± + MS)^ = d^-\^-^QE). 

Taking the inductive limit on M we can also define Qq{—S± + *S)jf. 
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Similarly for any positive integer M we have an exact sequence 

N M , 
j=l fc=0 



From these exact sequences we have a commutative diagram 







For simplicity assume that the O^-homomorphism p is injective. Therefore, p is also 
injective. Let 

N , 
3=1 "^^^ 

be the Laurent expansions of the ^ part along sj (E) and put 

N , 

m = pi^.e^i-s± + *sh) c © OEim—. 

Then we have an exact sequence 

^ n,ec/Ei-s± + *s) ^ cid) ^@E^o- 



Hence we can find local vector fields 



d (i) d 



' = [m\ — — , . . . , 



which are sections of C{^) such that 

dui 

Note that by (14. 9p we can define 

|0o^((e,))Aj qoe{{z))^^®oe{{w))^ 



) (5.14) 



and we have the exact sequence 



^ ^,G^/^(*S) ^ ^ ^ 0. 
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Then the above argument shows that if we put 
then 

= A. (5.15) 

dui 

Let us identify with t-{u) for each u £ E and obtain a family J = (tt : C — > 

si, . . . , Sat; ^1, . . . , ^a?) of A^-pointed nodal curves. Let v : CC he this identification map. 

A flat deformation of this family J can be constructed as follows. For further details see 

section 5.3 in |U2j . 
For < e < 1 put 

Xe = {P £C\\z{P)\ <e} 
Y, = {P eC\\w{P)\ <e} 

and also put X = Xi, Y = Yi. Choose < ei < £2 < 1 and choose an open covering 
{Ua}4<a<s of C \ (X^^ U Y^^) such that 



c/„nx,, =0, Uc^nY,, 



Put 



D = {q£C\\q\<l} 

So = {{x,y,q) G C^\xy = q, \x\ < 1, \y\ < 1, \q\ < 1} 

S = Sqx E 

Z = {{P,q) £CxD\P€C\iXUY),OT P €Xk\z{P)\>\q\} 

W = {{P,q) £CxD\P€C\iXUY),or P eYk\w{P)\>\q\}. 

On Z U 5 U ly let us introduce an equivalence relation ~ as follows:. 

1. A point (P, q) £ Z n {X X D) and a point {x, y, q' , u) £ S are equivalent if and only 
if 

{x,y,q',u) = (z(P), -^,g,7r(P)). 

2. A point (P, q) £ W n{Y X D) and a point (x, y, g', u) £ S are equivalent if and only 
if 

{x,y,q',u) = {^^^j^,w{P),q,7r{P)). 

3. A point (P, q) £ Z and a point (Q, g') £ W are equivalent if and only if 

iP,q) = {Q,q'). 

Now put C = Z U S L) W I ~. Then, C is a complex manifold and there is a natural 
holomorphic mapping t: : C ^ E x D. Moreover (C \ {X U Y)^ x D is contained in C as 
an open subset. Hence we can define holomorphic sections sj by 

Sj : E X D C 

{u,q) {sj{u),q) £ Z. 
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Then it is easy to show that ^ = (tt : C ^ B = E x D; si, . . . , sn]£,i, • • • , Cn) is a family 
of A^-pointed curves with formal coordinates. It is also easy to show that the family 
tt: C^B = ExD is a versal family of A^-pointed curves. Note that each fiber over q = 
is a nodal curve. We identify E with E x {0}. 
Then we have an exact sequence. 

^ 7T,ec/B{*S) ^ C{d) ^ eei-logE) ^ 0. 

Lemma 5.8. We can choose a local vector field fh^^^ in (|5.14|) in such a way that it can 
be regarded as a section of C{^) over B with 

dui 

Proof. Since ^ G H^{B, @b{— log E)), we can choose a r^*) G 7r*0^ ■wi*'^) ^^^^ ^^^^ 
0(j){t^^^)) = provided we choose B small enough. 

Let {Ua}A<a<s be the open covering of C \ {Xg U Y^^} chosen above. Put 

^0 = {{x,y,ui, . . . G 5 I X / 0}, Z^i = {{x,y,ui, . . . , u„, g) G 5 | y / } 

U2=X xD, U3 = Y X D, Ua = UaXD, 4 < a < s. 

Then, {hla}i<a<s is an open covering on C. Let (it;^, ui, . . . , u^, q) be local coordinates of 
Z^Q, where 

wq = y, wi = X, W2 = X, W3 = y. 
In these coordinates our vector field r(*) is expressed as 

t'-'^IUc, = Aa{wa,q,u)-^ + T- + B{u,q)q^. 

dWa dUi dq 

On the other hand the Kodaira-Spencer class p(^) is expressed by a Cech cocycle 

^ ^ dfaiB d 

dUi dWa 

where on Ua^i 1^/3 ^ ^ we write 

Wa = faf3{wi3,Ui,. . . ,Um,q)- 

Hence, if we put 

0a = -Aa{wa,q, u)- B{u, q)q— 

dWa dq 

then we have 

Oaf} = Gf3 — Oa- 

Note that for q,/3 < 4, fap is independent of q. Therefore on {C \ {X^,^ U ^£2}} ^ ^ 

Aa{vua,0,u)-^ + + B{u,0)q-^, a>4 
dWa dUi dq 
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define a global meromorphic vector filed r*^*)' . 

On the other hand for a, /3 < 3, fap is independent of ui, . . . , Um- On Uq we have 

W2 = q/wQ. 

Hence we have 

Ao{wo,u,q)-^ + -^+B{u,q)q-^ = {-—Ao{q/w2,u,q)+W2B{u,q))-^ + ^+B{u,q)q-^. 

dwo dui dq wq dw2 dui dq 

Therefore 

W2 

A2{w2,u,q) = Ao{q/w2,u,q) +W2B{u,q). 

Wo 

Since Ao{'Wo,u, q) and A2{w2,u, q) are holomorphic, we conclude that Ao{wi,u, q) has the 
form 

Ao{wo,u,q) = ao{u,q)wo, 

and on Uq H 

A2{w2,u, q) = {-ao{u, q) + B{u, q))w2, 

where ao{u, q) is holomorphic in u and q. In this way we can show that on Uai < 3, Aq. 
has the form 

Aaiwa,u,q) =aa{u,q)wa, 

where aa{u,q) is holomorphic in u and q. Also the above calculations show that 

d d d 

aa{u,0)Wa-, \- \-B{u,0)q—, a<3 

dWa dUi dq 

define a holomorphic vector field on U^^^Ua- This vector field coincides with r^*)' on the 
intersection of {C \ {X^ U ^2}} ^ ^^'^ ^a=o^cf Thus we have a global meromorphic 
vector field r^*) on C. Then, by our construction if we put m^*) = p{t^^^), it is independent 
of q and we have 9{m^'^'>) = 

Now restrict r^*) to (7 = and denote this restriction t(*)(0). Then the above calculation 
shows that r(*)(0)/ C / where / is the ideal defining the double point. Hence, z/*(t'^*)(0)) is 
a meromorphic vector field on C and 6{p{v*t^'^\Qi))) = Note that p(i/*t'^*^(0)) = m^*^ 

QED 

Now from (<I>| G V^ab(5^) we can construct {^{q)\ G using formula (jS.lOp : 

($(g)|n) = IZ^"^)''^'^^^!^'^'^'^') ® - 1) ® u)^q'^+P^P+^^/'^. (5.16) 

pGZ cZ=0 4=1 

Then by (lil^ . (l5llD and (f5T5]) 

($(.?)|Z)(m«)|n) = -^($(g)|p,(T[m«])|^) 
i=i 

TV CO TTltJ 

j=lpGZ d=Oj'=l 

00 md 

= - ^(-l)P+'^($|Z)(m^'>i/(d,p) /(d, -p - 1) O n)|g'^+P(P+^)/2^ 

pez d=o j'=i 
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Letci;(g) = uj{x,y,u.q)dxdy £ H'^ {C<^exdC , uj^"^ {2A)) be a bidifferential with Res^(a;) = 1. 
Note that uj{0) is a bidifferential on C xe C. 

Then, by ()4.24|) the connection V^'^^'^^^ is defined by 

Therefore, if we start from = V^'^^°^^(«>| G V^hiS) and construct {^{q)\ G V^hiS) by 
the sewing procedure, we have that 

= Z)(m»)(5>(g)| + i6^(o)(m«)($(g)|. 

Therefore, we have 

v'^l'^Hmi - {^{q)\ = kb^Mirh^'^) -b^io){rn(^{Hq)\. (5.17) 

Thus we obtain the following theorem. 

Theorem 5.3. Let ^ = (tt : C ^ B = E x D; si, . . . , sn', ^i, ■ ■ ■ , (,n) be a family of N- 
pointed curves with formal coordinates such that the restriction of the family to E is the 
family of nodal curves ^ = {n : C ^ E; si, . . . , sj\f] Ci; • • • > Cn)- Let 

^ = {tt : C ^ E;si, . . . ,SN,t+,t^;£_i, . . . ,^n,z,w) 

be the family of (N + 2) -pointed curves obtained by normalization of each fiber of ^. 
For {^\ E VKhid) let {^{q)\ S VKh{d) be obtained by sewing. Let uj{q) G H^{C ®exD 
C,LJ^^(2A)) be a bidifferential with Kes'^ (uj) = 1. Let {^{q)\ £ V^ahi^) be constructed from 
(^1 = \/^'^J'^^\^\ G V^ab(5^) by the sewing. Then we have that 

Remark 5.1. For the non-abelian case the same result holds, provided one replaces the 
coefficient 1/6 by c^/12. 

6 Formal Coordinates and Preferred Sections 

In this section we shall study the behavior of the ghost vacua under coordinate changes. 
We shall also define a preferred section which is a local holomorphic section of the sheaf 
of ghost vacua V^ab(5) of a family of one-pointed smooth curves with formal coordinates. 

First we recall some basic facts about the relationship between coordinates change and 
local vector fields. 

We let T> be the automorphism group Aut C((^)) of the field C((^)) of formal Laurent 
series as a C-algebra. The group D may be regarded as the automorphism group of the 
ring C[[.^]] of formal power series. There is a natural isomorphism 

oo 
n=0 
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where the composition h o g o{ h, g & V corresponds to a formal power series h{g{^)). In 
the following we identify V with { Yl'^^=o ^n^"'^^ I oo 7^ }. 
Put 

VP = {h€V\h{0=^ + ape^' + ---} 
for a positive integer p. Then we have a filtration 

P = 2:)° D D p2 

Put also 

i = c[Ki]e| 

# = C[[{]]f+'^ P = 0,1,2,... 

Then, we have a filtration 

d = d^ D D D ■■■ 
For any / G d and /(O e C[[C]] define expa)(/(0) by 

00 



k=0 



Also put 



Vl = {heV \ h{C) = < + ai^^ + • • • , a > } 

^° = {Z(O^M(0 = «e + «iC' + ---, aeR} 

Then, we have the following result. 
Lemma 6.1. The exponential map 

exp : d ^ V 

I I— > exp(Z) 

is surjective. Moreover, the exponential map induces an isomorphism 

exp : d° ~ P° . 

Since, for any integer n, we have 

exp(27rraV^?^) = id, 

the exponential mapping is not injective on d. 

For the energy-momentum tensor T{z) and any element I G we define exp(T|i|) by 



00 ^ 

exp(r[/]) = 5^ -r[/]^ 



A;=0 
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Then, exp(r[{]) operates on T from the left and on T'^ from the right. 

By Lemma 16.11 for any automorphism h G P^J., there exist a unique i G d+ with 
exp(Z) = h. Now for h G define the operator by 

G\h\ = exp(-r[/]) 

where exp(/) = h. Then, G[h] operates on T from the left and on .F^ from the right. Then 
we have the following important results. 

Theorem 6.1. For any h G V%, f{^)d^ G C{{C))d^, g{C) G C((0) and l_ = G 
C((^))^, we have the following equalities as operators on and J^'^ . 

G[hmgmG[h]-' = ^[h*{gm = mm)] 

G[hioh2] = G[hi]G[h2] 

G[h]mG[h]-^ = r[ad(/i)(/)] + ^Res({Me);e}^(6^e). 

where the Schwarzian derivative. 

A proof is easily given by applying ()5.3p and (15.40 . From this theorem we infer easily 
the following proposition. 

Proposition 6.1. For any hj G T)^, j = 1,2, . . . , N and N -pointed curve 

X = {G]Qi,Q2, . . . ,Qn;6)6) • • • iCn) 
with formal coordinates, put 

^(h) = {C;Qi,Q2, . . . , Qn] hi{£,i), /l2(?2), • • • , ^Af(CAr))- 

Then, the isomorphism G[hi\® ■ ■ ■ ®G[hi^] 

((/>!§• AT I ^ {(t)lG[hi]^---0cl)NG[hN]\ 

induces the canonical isomorphism 

G[h]§ • • • 0G[hN] : Vtab(X) ^ V^ab(%)) 

Let X = iC;Q;S^) be a one-pointed smooth curve of genus g with a formal coordi- 
nate. We shall show that if we fix a symplectic basis {ai, . . . , a^, /3i, . . . , fig} of Hi{C, Z), 
then there is a canonical preferred non-zero vector {u!{X, {a, G V^ab(^) which is a 
refinement of the construction given in Lemma 13.11 Let us choose a normalized basis 
{loi, . . . ,ujg} of holomorphic one-forms on C which is characterized by 

ujj = 5ij, l<i,j<g. (6.1) 
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The matrix 

is then called the period matrix of the curve C. Now the numbers n = 1,2,..., 
i = 1,. . . g are defined by 

oo 
n=l 

Note that the numbers depend on the symplectic basis {ai, . . . , a^, . . . , I3g} and the 
coordinate ^. 

(n) 

For a positive integer n > 1 let be a meromorphic one-form on C which has a pole 
of order n + 1 at Q and holomorphic elsewhere such that 

= / 4"^ = 0, l<^<9 (6.2) 

oo 



/3> 



= (77^ + E '?".-^'""')^^- (6-3) 

m=l 

These conditions uniquely determine Wq'^ Note that the second equality of ()6.2p and 
()6.3p imply the first equality of (|6.2p . The preferred element (a;(X, {a, G V^ab(^) is 
defined by 

{uj{X, {a, = • • • e{u:g+2) A e(a;g+i) A e(a;g) A • • • A e(a;i), 

where 

_ {«) 

For details see Lemma 13.11 We call n = 1,2,... a normalized basis for X. Note 

that the normalized basis depends on the choice of a symplectic basis of Hi{C, Z) and the 
coordinate 

Theorem 6.2. For h{^) G Vl put Xh = {C;Q;r] = h{^)}. Then 

{uj{X,{a,P})\G[h]={uj{Xh,{o^,P})\, 
where G[h] : V'^{Xh) — > V^(3£) is the canonical isomorphism given in Proposition \ 6. 1\ 
Proof. First consider the case in which /i(^) = for a positive number a. Put 

(n) 

r] = a^. Let uJi, i = 1, . . . , g and ujg+n = "^g be chosen for X as above. Then 



coi = (5]a-"-i/;r?"-i)dr?, 

n=l 

n °° 



Put 



' m=l 



= Wj, I <i < g 

m=l 
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Then, the element {Xh, {a, f3}\ G V^ab(^/i) is given by 

{uj{X,{a,(3})\ = ■■■e{ujg+2) Ae{Ljg+i) Ae(ujg) A ■■■e(uji), 

where 

_ ~{n) 

Note that {u;{X,{a, l3})\, (w(X, {a, G J^(c/ - 1). 

Let a be the positive number such that exp(a) = a. Put 

Then we have 

T[l] = oLq, G[h] = exp(— aLo). 
On ^\{g — 1), G[h] operates by the multiphcation by a^^'^^^^^^^'^^^K The coefficient of 

• • • e-'i-5/2Ae-'i-3/2Ae'"i+i/2Ae-'i+i/2A. . .Ae"*+^/2A- • • Ae-3/2Ae"«+i/2A- • -Ae^^+i/^ 

(6.4) 

in {u){X, {a, /5})| is 

^ = Qh,mi+1 ■ ■ ■ Qlk,mk+i^ng+l ' ' ' ^ni+l- 

The degree d of this term is given by formula (|5.6p 



i=i j=i 

Thus we have that 

9 I 

-d - g{g - l)/2 = -Y^ni- Y.i'^J + h + !)• 

i=i j=i 

On the other hand the coefficient of {uj{Xh, {a,l3})\ is 
This implies 

{Lo{X,{a,mG[h]={uj{Xh,{a,m- 

Now let us consider the case in which /i(^) is an element of C C((0). Let {a;„}, 
n = 1, 2, ... be a normalized basis of X^- Put 

UJn = h*{u)n)- 

Since h{^) = ^ + ai^^ + • • • , the normalized basis of {X\ is given by {wn}, n = 1, 2, . . .. For 
any positive integer m all terms in 



-m-5/2 . -m-3/2 



A e{u!m+g) A • • • A e(a;i) 
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are also present in {uj{X,{a, (3})\ by its definition. Moreover, we can express 

(<^m| = {-m - lllpluJm+g] ■ ■ ■ 

= (-m-l|V'[r(C^+g)]---^[/i*(5i)]. 

Then by Theorem 16.11 

{^m\ = {-m-l\G[h]i:[um+g]---^[^i]G[h]-\ 

Note that 

{—m — 1| = (— m — 1| mod J^i{—m — 1). 
It is easy to show that each term appearing in 

- {-m - l|V[^m+3] • • • 

does not appear in 

{(pm+ll = {-m - 2\G[h]ljj[uJrn+l+g] ■ ■ ■ 'lp[uJl]G[h]~'^ . 

Taking the hmit m ^ oo we conclude 

{u;iX,{a,m = {u;iXh,{'^,P})\G[h]-\ 

QED 

Next let us study the dependence of the section {u){X,{a, I3})\ on the choice of sym- 
plectic basis. 

Theorem 6.3. Let {ai, . . . Ug, f3i, . . . , Pg} and {ai, . . .Og, Pi, . . . , f3g} be symplectic bases 
of H^{C,Z) of the non- singular curve C . Assume that {Pi, f3g} and {Pi, . . . , Pg} span 
the same Lagrangian sublattice in H^{C,Zi). Then 

{u;{X,{a,P})\ = detU{uj{X,{a,P})l 

where U £ GL{g, Z) is defined by 



(Pi \ 




1 Pl\ 




= u 




\ % J 




[ ^ 1 



Proof. By the assumption on the /3-cycles we have that 

where B is a g x g integral matrix. For a normalized basis {oJi, . . . ,ujg} of holomorphic 
one-forms with respect to the symplectic basis {a, P} we have that 
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Hence the normalized basis of holomorphic one-forms {wi, . . . ,ujg} with respect to {«,/?} 
is given by 

{uji, ...,urg) = (wi, . . .,Ug)U~'^. 

Thus 

{I-ni ■ ■ ■ 1 1n) {I-ni ■ ■ ■ i In)^ i 

(n) 

for all n's. Therefore, for the normalized meromorphic one-form lOq with respect to the 
symplectic basis {a, (3} we have that 



f (n) 



(n) 



+ B 



r 









{Il\ 




(II 




= 'u^ 






















= u 








-- 


v / 











(n) 

Thus uJq is also the normalized meromorphic one-form with respect to the symplectic 
basis {5,/?}. Hence we have that 



(a;(X,{a,/3})| =detC/(c^(X,{5,/?})|. 



(6.5) 
QED 

Note that det U = ±1. Next we shall show that (w(X)| is independent of the point on 
the curve C. For that purpose we need the following lemma. We use the basis {wi, . . . , ujg} 
of holomorphic one- forms on the curve C normalized by (j6.ip . 



Lemma 6.2. The numbers 1 = ni < n2 < ■ ■ ■ < rig < 2g — 1 are the Weierstrass gap 
values if and only if 









lUg 






det 


lug 


J^ng 




Proof If 


det 


Ik ■■ 

lug 


J^rig 
J-ng 


= 0, 


then there exists a vector (oi, 


. . . , o 




. , 0) such that 




/ 


^ /I •• 


Ing ^ 




(ai, . . . 


,ag) 

\ 


^ In-a 


1^9 ) 


= (0, 
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Form this we infer 



Res((agr"'' + • • • + air"')wi) =0, i = I, 



,9- 



This means that there is a meromorphic function / E H^{C, Oc{*Q)) whose principal 
part at the point Q is agi~^^ + • • • + 01^^"^. Thus Ug is not a Weierstrass gap value. 



On the other hand if 



det 



for any vector (oi, . . . , a^) / 0, we have 

/4 



(ai, ...,ag) 



-'rti 

J-Ug 



^0, 



/(0,...,0). 



This means that 



Res((age-"^ + • • • + aiC''')^i)) / 0, 



for a suitable 1 < i < g. Hence there does not exists a meromorphic function / E 
F°(C, Oc{*Q)) whose principal part at Q is a^^-^f + • • • + ai^~"i. QED 

Let {P, Q} be two smooth points on the curve C with formal coordinates ^, r/, re- 
spectively. Put Xq = {C; P,Q;^,r]), Xi = {C;P;^), X2 = {C;Q;r]). Then the natural 
imbeddings 

11 : T ^ T2 

\u) ^ \u) ® |0) 

12 ■ T ^ T2 

\u) ^ |0) (g> \u) 



induce canonical isomorphisms 

Vtab(^o) 
/ \'-^ 
Vtab(^l) Vtab(X2) 

by Theorem 13.41 

Theorem 6.4. Under the above notation we have 

i;o(i*)-i((a;(Xi,{a,/3})|) = (u;(X2,{a,/3})|. 
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Proof. Put ($1 = {Ll)-^{{uj{Xi,{a,(3})\). Then, by Theorem [33] we have 

($|n0O) = {uj{Xi,{a,P})\u) 
for any \u) £ J-. Since the space of ghost vacua is one-dimensional, we have that 

($|0®u) = c(w(X2,{a,/3})|u) (6.6) 



for a constant independent of |u) € J^. To determine c it is enough to choose a \u) such 
that we can calculate both sides of the equality ()6.6p . Let 1 = ni < n2 < 
gap values at the point Q and put 



< Ug be the 



1). 



Let fj G H^{C,Oc{*{P + Q)), j = 1, 2, . . . , (7 be chosen in such a way that has the 
Laurent expansion 

fj = + + ('i^v + ■■■ 

at Q. Also let ooq^p be a meromorphic one-form having poles of order one at Q with 
residue 1 and at P with residue —1 and else holomorphic. Then we have that 



PQmfg])PQm9-i]) ■ ■ ■ pqWi])] - 1) 
pq(v^[/3])po(?[/5-i]) • • • PQmi])PQmu;Q,pm 
-i)^($io PQ(v^[a.Q,p])PQ(^[/,])PQ(^[/,_i]) • • • PQmm 

-iy+\^\ppmcoQ,p])o pQ(v^[/g])pQ(v^[/,_i]) • • • PQmm 

- 1 pq(v^[/,])pq(v^[/3-i]) • • • PQmm 
-iy{<^>\ppmg\)\ - 1 ® PQiWa-i]) ■ ■ ■ PQmm 
-iy+'y-''>^'mppmfi]) ■ ■ ■ ppmfg^i])ppmm - 1 o) 
-iy{^\ppma])ppm9-i]) • ■■P_pmi])\ - 1 ^o) 

-iy{u;iX,,{a, f3})\PPm9])PPm9-i]) ■ ■ ■ /'p(^[/i])l " 1) 



The last term can be expressed in a matrix form 



Resp{fgUJi) Resp{fgU2) 

Resp{fg-iuji) Resp(/g_iu;2) 

Resp(/2a;i) Resp(/2a;2) 

Resp(/iu;i) Resp(/itJ2) 



But fjUk has poles only at P and Q, thus 



where 



Resp(/ju;fc) = - ResQifjuJk) = - 

oo 



Resp{fgujg) 
Resp{fg-iLOg) 

Resp{f2Ujg) 
Resp{fiujg) 



n=l 
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Hence the above determinant is 

: •.. : = (w(:^2,{a,/3})|e„^-i/2 A--- Ae„j_i/2 A| - 1). 
Hence we have that 

($|0 e„^-i/2 A • • • A e„^_i/2 A | - 1) = (^(^2, {a, /5})|e„^_i/2 A • • • A e„^_i/2 A | - 1). 

This shows c = 1. QED 

Let us consider a curve C with a node P. Let C be the curve obtained by resolving the 
singularity at P and let tt : C ^ C be the natural holomorphic mapping. Then 7r~^(P) 
consists of two points P+ and P_. Assume that C is connected. 

Let 

X= (C;Q;0 

be a one-pointed curve with formal coordinates and we let 

X={C;P+,P-,Q;z,w,0 

be the associated 3-pointed curve with formal coordinates. Then Theorem 13.51 says that 
the natural isomorphism 

|0+_) OJT^ jc- 

induces the natural isomorphism 

: Vt,b(X) - Vtab(X). 

where 

|0+,-) = |0)®|-l)-|-l)®|0). 

We can define {a, similar to the non-singular case, by choosing a basis {a, 13} = 

{ai, . . . ,ag-i,ag, Pi, . . . , f3g-i} of Hi{C,Z), in such a way that ai, 02, ■ ■ ■ ,ag-i and 
Pi, P2, ■ ■ ■ , Pg-i is the image of a symplectic basis of i?i(C, Z) under natural map to 
Hi{C,X) and Ug corresponds to the invariant cycle of a flat deformation of the curve 
C. Then we can choose a basis {wi, . . . ,u)g-i,ujg,u}gj^i,ujg^2, • • •} of H^{C,uj{*Q)) such 
that {Tr*^!, . . . , ■K*ojg-i,iT*ujgj^i,T^*ujgj^2-, . . .} is a normalized basis of H^{C, ujq{*Q)) as in 
(foil . ([62]) and ([631) where we put 



TT UJg+n = ^Q , n = 1,2, . . . , 

and vr*a;g is a meromorphic one-form on C which has poles of order one at P+ and P_ 
with residue —1 and 1, respectively, is holomorphic outside P± and 

TT*UJg = 1. 

Then put 

{uj{X,{a,P})\ = {■■■Aeiujm)A---Ae{uj2)Ae{iOi)\. 
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The proof of Lemma [3.11 applies also in this case and shows that {uj{X,{a, I3})\ is an 
element of V^ab(^)- Let 

X={C,Q;0- 

Then, by applying Theorem 13.41 at the points P± we have a canonical isomorphism 

: V^ab(X) = V^ab(X). 

Theorem 6.5. Under the above assumptions and notation we have that 

i* o (4^_)-i((u;(X,{a,/3})|) = {-iy{u{X,{a3})\ 

where {3,/?} = {qi, . . . ,ag_i,/3i, . . . 
Proof. Put 

($i = (4,-rHM^,{«,/3})i). 

By the definition of i* we have that 

($|0®0®n) = {i* o {L\^_)-^{{u{X,{a,P])\)\u). 

Choose a meromorphic function / G H^{C ,Oq{*Q)) such that f{P+) = —1 and f{P-) = 
0. Then by (|3.18p (using the notation {oj{X)\ = {a, we have that 

($|0®0®n) = {uj{x)\pQm])y) 

for any \u) ^ T . The proof of lemma [3T] show that for a meromorphic form ujj on C we 
have that 

Ae(a;j)V'[/] = ResQ(/a;j) = ResQ(/7r*(jj) = Ae(7r*Wj)V'[/]. 
For j 7^ 5, the meromorphic forms 1^*03 j have only poles at Q. Hence 

Ae(a;,-)?[/] = 0, j / 5- 

On the other hand, since T^*ojg has a pole of order one at P+ and P_ with residues — 1 
and 1, respectively, and is holomorphic outside the points P± and Q and fiP+) = — 1, 
f{P^) = we have that 

ResQ(/7r*tjg) = -Resp^{fTT*ujg) = -1. 

Thus we conclude that 

($|0 tx) = {u;iX)\pQ{m)u) = {u;iX)pQ{m)\u) 

= {-if^ ResQ{fuJg){- • • A e{LUg+i) A e{ujg-i) A • • • A e{uJi)\u) 

= {-iy{u;iX,{a,P}M- 

QED 

For an A^-pointed curve X = (C; Qi, . . . , Qn',S,i, ■ ■ ■ , Cn) we define the preferred ele- 
ment {u){X,{a, I3})\ by 

{uj{X, {a, I3})\ = L*-'{uj{Xi,{a, (6.7) 
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where Xi = (C;(5i,^i) and l* : V^ab(X) V^ab(Xi) is defined by applying Theorem! 
several times. Note by Theorem 16.41 that if we choose to use the pair {Qj,^j) instead of 
(Qi)?i) in defining Xi, we get the same preferred element. 

For an A^-pointed nodal curve X = (C; Qi, . . . , Qat; ^i, . . . , ^at) with formal coordinates 
such that the normalization C of C is an irreducible curve, we can define the preferred 
element by generalizing the discussion just before Theorem 16.51 in the obvious way. 

We can however not apply the same method to define the preferred element for one- 
pointed nodal curves {C;Q,(,) whose normalization C is disconnected. This is simply 
because a holomorphic one-form with support on one component will have zero Taylor 
expansion at all points of the curve not contained in that component. 

Therefore, we need to find another definition. For simplicity, in the following, we 
shall consider a two-pointed nodal curve X = (C; Qi, Q2; Ci) C2) with formal coordinates 
such that the normalized curve C has two connected components Ci and C2. Assume 
that Qi, P+ G Ci and Q2, P- G C2. Put % = (Ci;Qi,ei), X2 = (C2;Q2,6) = 
(Ci;Qi,P+,ei,^), X2 = (C2;Q2,P-,6,«^), X = (Ci U C2; Qi, g2, i^-, 6, 6, ^, ^«)- 
Then by Theorem 13.41 and Theorem 13.51 we have isomorphisms 



i*, : V^ab(X) 



V^ab(X,), j 
V^ab(X). 



1,2 



Moreover, by Proposition 13. II we have 

V^ab(X) = Vtab(Xi)0Vtab(X2). 

Choose symplectic bases {aW,/3W} of Hi{Ci,Z). Then, {a,f3} = {a^^), a^^)^ /^{i)^ ^(2)} 
a symplectic basis of Hi{C, Z). Put 

($1 = ($i|®(^)2|. 

Finally define 

(^(X,{a,/3})| =4,„((<i>|). (6.8) 

For a general A^-pointed nodal curve X = (C; Qi, . . . , Qn', ^ii • • • , (,n) we define the pre- 
ferred element {uj{X,{a, (3})\ in a similar way. The following lemma plays an important 
role in characterizing the preferred section. 

Lemma 6.3. Under the same notation as above, let the genera of Ci and C2 be gi and 
g2, respectively. Let 1 = mi < m2 < • • • < rug^ < 2gi — 1 and 1 < ni < n2 < • • • < Ug^ < 
2(72 — ^ he the Weierstrass gap values of Ci at Qi and C2 at Q2, respectively. Put 



em,, -1/2 A 



A e„,_i/2 A I - 1), 1^2) 



'92 ^ 



1/2 A ••• Ae„,_i/2 A |0). 



Then we have that 



{{Ll^_)-^uj{X,{a,(3})\uim2) 
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where {loi, . . . ,cOgi} and {wg^+i, . . . jtUgj^^g^} are the normalized bases of holomorphic one- 
forms on C\and C2, respectively, and 

m=l 

is the Taylor expansion of ujk at Qi and 

n=l 

is the Taylor expansion of u)g^-\-i at Q2- 

Proof. Let ui be a meromorphic one-form on Ci which is holomorphic outside P+ 
and Qi such that at P+ and Qi, ui has the Laurent expansions: 

dz ^ ^ 

uji+ = h holomorphic 

z 

d^i , , , . 
LOi Qj = — h holomorphic. 

Similarly let UJ2 be a meromorphic one-form on C2 which is holomorphic outside P_ and 
Q2 such that at P_ and Q2 u>2 has the Laurent expansions: 

UI2 - = h holomorphic 

' w 

^'2 Qi — 'T^ + holomorphic. 

Then, we have that 

^K+]|o) = |-i), -vK_]|o) = |-i). 

and therefore, we have that 

{{LX_)~^u;{X,{a,P})\ui0U2) = ($|0+ _ ui ua) 

= (^>|0 (g) -1 (g) til (gi n2) - ($1 - 1 ® 00 ui O tt2) 

= ($i|0(gtti)($2| - 1 (gti2) - (^ll - 1 (gttl)(^>2|0(g) U2) 

= (u;(Xi,{a«,/3«})|tii)($2|^[^i,+]|0) 0^x2) 
+ ($i|V'K_]iO)®ni)(L^(X2,{a(2),/5(2)})|^2) 

= (cu(Xi,{a«,/3«})|t/i)(u;(X2,{a(2),/3(2)})|V.KQ,]n2) 
+(a;(Xi,{a«,/3«})|V^[a;i,Qjt/i)(a;(X2,{a(2),/3(2)})|„2) 

Since 

^[<^hQ2]\u2) = en,^-i/2 A • • • A e„^_i/2 A | - 1) + * A |0) 
and {u}{3i2, {c(^'^\ does not contains the term e~^^^, we have that 

(a;(X2, {a^^\p^^^}M[uJi,Q,]u2) = (a;(X2, {a^^\ P^^^})\en,^-i/2 A • • • e„,-i/2 A | - 1) 

itt\Q2) ••• itt''{Q2) 
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Since by the same reason {u}{Xi, {a^^\ (3^^^})\^[uji^Qj^]ui) {uj{X2, {ct^'^\ I3^'^^})\u2) = and 



(^(Xi,{a«,/3«})|7xi) 



(Qi 



iliiQi) 



we obtain the desired result. 

Let^ = (tt : C ^ B,si, . . . ,sn,^i, 



QED 



^n) be a family of A^-pointed smooth curves. For 
any point b ^ B there exists an open neighbourhood Ub such that TT~^{Ub) is topologically 
trivial so that we can choose smoothly varying symplectic bases 

{ai{t),...,ag{t),pi{t),...,f3g{t)}, teB. 

Then we can define {Lo{Xt, {a{t), (3{t)})\ where Xt = {iT^^{t), si{t),^i). 

Theorem 6.6. The section {uj{Xt, {a{t), P{t)})\ is a holomorphic section o/V^ab(5^) over 
Ub. 

Proof. Put ^' = {it : C — > B,si,^i). Then, by Theorem 13.41 it is easy to show that we 
get an isomorphism V^ab(5) — '^^ahid') by the propagation of vacua construction. Hence 
it is enough to show that {uj{Xt, {a{t), (3{t)})\ depends holomorphically on t. This follows, 

QED 



(n) 

since ^si{t) '^^'^i^s holomorphically in t. 



Finally, we analyze the preferred section for families of deformations of nodal curves. 
Let Co be a complete curve with only one ordinary double point P such that Co\{P} is 
non-singular. Let Qi, Q2, . . . , Qn be distinct non-singular points on Cq. Let v : Cq ^ Cq 



be the normalization of the singular curve. Put {P+,P_} 



,-1 



(P). Note that the 



normalization might or might not be connected but assume that each component con- 
tains at least one Qj. Let 5^ = (vr : C — > Z?; (Ti, . . . , cjat; ^1, . . . , ^at) be the family con- 
structed from (Co, Qi, . . . , Qat, ^1, . . . ^at) as described right before Lemma 15. 7i Suppose 
we now have a continuous basis {ai{t) , j3i{t)} of i/i(7r^^(t), Z), t G (0,1) C D, such 
that we get a well defined limit as t goes to zero, which gives a symplectic basis, say 
{ai(0), . . . , ac,_i(0), 0^(0), /5i(0), . . . , /3g_i(0)} of -ffi(Co,Z) as described above for nodal 
curves and /3g(0) = 0. Let Xt = (7r^^(t), si(t), . . . SAr(t),^i, . . . ^at). 



Theorem 6.7. We have that 



(u;(Xo, {a(0), /3(0)})| = lim(a.(Xt, {a(t), /3(t)})|. 

Proof. Assume the curve Cq is connected. It is then enough to prove the theorem 
when = 1. Note by [F, Proposition 3.7] that if {wi, . . . .,ujg} is a normalized basis of 
holomorphic one- forms on Cq, then a normalized bases of holomorphic one- forms for the 
family is of the form: 

uji{x,t) = 0Ji{x) + h^{uj,{P+)-uj,{P^)){uj{x,P+)-u{x,P-)) + O{t^), l<i<g-l 

U)g{x,t) = UJP^-P_{X) +tUg{x) + 0{t^). 
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Here {uJi{x), . . . ,iOg^i{x)} is a normalized basis of holomorphic one-forms of Co, and 
uJi{P^) is the number fi{0) where in a neighbourhood of P+, coi is expressed as fi{z)dz. 
The number uJi{P-) is defined similarly. Moreover, Lo(x,y) is the normalized bidifferential 
of the curve Co and in a neighbourhood of if we express Lo{x,y) = f{x, z)dxdz 

then uj{x,P^) is defined as f{x,0)dx. The one-form w(x,P_) defined similarly. The form 
ujp^-p_{x) is a meromorphic one-form of Cq which has a pole of order one at P+ with 
residue 1, pole of order one at P_ with residue —1 and holomorphic outside P+ and P_, 
and Ug is a meromorphic one-form on Co which has only poles at P± of order three. 
Finally, the expression O(i^) means that it is a holomorphic one-form on Cq \ {P+,P-} 
and lim^^o '^[l ^ is a holomorphic one-form on Co \ {P+, 
Let 

oo 
n=l 

for i = 1, ... (7. 

The meromorphic one- forms ujg^n{t) on C^, as defined by (j6.ip and (j6.2p has a pole 
only at Qi = si{t) of order n + 1 with Laurent expansion at si(t) of the form 



holomorphic 



and satisfies 



/ u;g+„(t) = ^ / u;3+„(t) = 0, l<i<5, ™ > 0. 

Then, 

{a(t), = (• • • A e(w^(t)) A • • • A e(a;2(t)) A e(a;i(t))|. 

Thus we conclude that 

lmi(a;(Xt,{a(t),/3(t)})| = (u;(Xo, {a(0), /3(0)})|. 

Next, assume that the curve Co has two connected components C\ and C2, and that 
Qi, P+ G C\ and (^2, -P- £ C2. Moreover, it is enough to consider the case N = 2. Let 
{cji, . . . , ujg^} and {wg^+i, . . . , cjp^+^j} be normalized bases of holomorphic one-forms of Ci 
and C2, respectively. Then we can find a family {a;i(t), . . . ,ujg^j^g^{t)} of normalized bases 
of the family vr : C* = ■k~^{D \ {0}) —> D \ {0} such that limt^o'^fc(*) = according to 
Proposition 3.1 [F]. Here we regard uJk as a holomorphic section of the dualizing sheaf ojco 
of the nodal curve, by extending it by zero to the other component. 

Over D \ {0} {a(t), is a holomorphic section of the sheaf of ghost vacua. 

Let 1 = mi < 7712 < • • • < rug^ < 2gi — 1 and 1 = ni < n2 < • • • < Ug^ < 2g2 — 1 be the 
Weierstrass gap values of Ci at Qi and C2 at Q2, respectively. Put 

ki) = em9,-i/2 A--- Ae„^_i/2 A| -1), jua) = e„^^-i/2 A • • • A e„^_i/2 A |0). 

Choose sections fj TTi,Oc{njS2{D) + *si{D)) over D such that it has a Laurent expansion 



/i,2 = + holomorphic 
^2 
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along S2{D). Put also 

Then we have that 

{u{Xt,{ait),p{t)})\ui(^U2) 



{-ir'-\ioiXt,{a{t),p{t)}mh^^^^^ 

(-l)^'^-i(a;(XU«(t),/3(t)})|V^[/i,2M/2,2] • • • V^[/,,,2]|^^i) 



= (-1)^^2-1 



ResQ^{fiuJi{t)) 



ResQ,(/g2a;i(t)) 



ResQ^ifiujg^+g^it)) 

^^^Qiif92^9l+92i't)) 



where the Taylor expansion of u>k{t) along si{D) and S2{D) are written as 

oo 

m=l 
oo 



n=l 



Now by the residue theorem we have 

ResQ,{fjUk{t)) = -ResQ^{fju;k{t)) = -l!^.{Q2,t). 
Since for any positive integers m, n we have 

lunliiQi,t) = liiQi), l<k<gu 
lime+^(Qi,t) = 0, l<i<g2, 



limli{Q2,t) = 0, l<k<gi, 
limC+^(Q2,i) = /^^+XQ2),l<i<52, 
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we conclude that 

\im{uj{Xt,{ait),p{t)})\ui (g) U2) 



= (- 





-4(Q2,t) ••• 


_T9l+92(f) 






^mi(Ql)*) 














lV{Q2 


Img^ {Ql) 








I^lt'HQ2 



= -{lo{Xo, {a(0), /3(0)})|ni U2) / 0. 

Hence if limt^Q{u){Xt,{a{t), I3{t)})\ exists, then it is — (^(Xo, {a(0), /3(0)})|. 
Nowlet usshow th.a,tlimt^o{uj{Xt, {a{t), (3{t)})\ exists. Note that for t / 0, {uj{X[,{a{t), (3{t)})\ 
is given by 

(• • • A e{oj^{t)) A • • • A e{uj2{t)) A e(wi(t))|, 

where {a'i(O), . . . , a;g(0)} is a normahzed basis of holomorphic one- forms of Cq and ujg^i{0) 
is a normahzed meromorphic one- form which has only a pole at si(0) = Qi- Now 
for t 7^ {uJi{0), . . . ,u!g{0)} is defined by using Theorem 13. 4[ This means that for 
\vi (8> V2) £ T2, the evaluation {u!{Xt,{a{t), (3{t)})\vi f2) is reduced to the evaluation 
of {uj{X'i.,{a{t), [3{t)})\v'i) so that we can use similar arguments as above. For example let 
us calculate {ui{Xt,{a{t), f3{t)})\vi V2) for 

vi = efc^+i/2A|0), l<ki, 

V2 = %-i/2 A • • • A e;^_i/2 Ai(e_„„i/2)| - 1), 0<li<---<lg, < m. 

Choose meromorphic functions fi G H^{D,7r^,Oc{*{si{D) + S2{D))) which have the Lau- 
rent expansion along S2{D): 

/j 2 = -r + holomorphic. 

' ^2 

Also choose r G H^{D,'ir^LOc{*{si{D) + S2{D))) which has the Laurent expansion along 
S2{D): ^ 

T2= (t;;^- + holomorphic) d^2- 

Then by a similar argument as above 

{u;{Xt,{a{t),P{t)})\viC^V2) = ±{u;{X',,{a{t),P{t)}M^^^^ 

By a simple calculation we have that 

V'[ti]?[/i,i] • • • - 1) = Res,,(i)(/,T)V^[/i,i] • • • • • • I - 1) 

i=l 

?[/i,i]---?[/,,i]^[ri]|-l). 
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Moreover, we have that 



s 

V'ln] I - 1) = ^ ane_3/2 A • • • A e_n-i/2 A e_„3/2 A • • • 
n=l 



Then, as above 

{u;{X'„{a{t)., 

a 

= ±^(-iriRes,,(t)(/iT) 
R'eSsi(t)(/iWg+„(i)) 



+ 



E 



,/?(i)})IV'[n]V[/i,i]---V'[/9,i]|-l) 

Ressi(t)(/ia;i(t)) ••• ReSsi(t)(/iWg(i)) 

R.es^i(t)(/i'^2(t)) ••• Res^^(t)(/ia;g(i)) 



+ 



+ 



- \ ReSsi(t)(/gWg + „(t)) ReSsj(t)(/gW2 

Ressi (t) (/i wi (i) ) Ressi (t) (/i Wg+„ (t) ) 



.(t)) ■■■ ReSs,(t){fg>^g{t)) 

R-es^j(t)(/ia;g(f)) 



RCS,,i(,)(/gWl(f)) ReS,^(t)(/gWg + „(t)) ' 

R'essi(t)(/iwi(i)) ReSsi(t)(/iW2(i)) ••• Res, 



Ressi(t)(/s'^9(*)) 

.i(t)(/l'^S+n(i)) \ 



which can be rewritten in the fohowing 



:±^(-iriRes,,(,)(/,T) 

i=l 



.j{.fg^^2it)) ■■■ ReSs,(t){.fg^g+n{t)) 

form by using Res^^^^) 
R'ess,(t)(/ia;i(i)) •• 



-Res,,(t)(/giWi(t)) • 

ReSsi(t)(/gWgi + l(t)) • 

R'essj(t)(/ga;i(t)) 
/ -Ress,(t)(/ia;g+„(t)) - ReSs,(t)(/ia;2(t)) 

- ReSs2 (t) (/gi ^g+n (t)) - ReSs, (t) (/gi W2 (t)) 



R-eSsi (t) (/gWg+„ (i)) Ressj (t) (/ga;2 {t) ) 



-Res^,(t)(/ia;g(t)) 



-ReS^,(t)(/g,Wg(t)) 

R-eSsiWl/s'^si+iW) 
R'ess,(t)(/ga;g(t)) 

•• Res^i(t)(/si+i'^gW) 
R'ess,(t)(/ga;g(i)) 
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it)) 

R'eSsi(t)(/ffi+it^iW) Ress,(t)(/gi+iwg+„(t)) 

ReSsi (t) ifg^^ (*) ) R-es^^ (t) {fg^g+n (t) ) 
Ressj(t)(/iwi(i)) Res^j(t)(/iW2(0) 

R-eSs,(t)(/giWi(i)) Res5j(t)(/g,[j2(i)) 

R-eSsi(t)(/3i+iwi(i)) Res5i(f)(/gi+iW2(0) ' 

ReSsi(t)(/gWi(i)) ReSsi(t)(/gW2(i)) 



• -R-eSs2(t)(/i^sW) 

• -Res^2w(/9i'^9W) 

• ReSsi(t)(/ffi+i^9W) 

ReSsi(t)(/lWg+«(0) \ 

ReS5l(t)(/giWg+„(i)) 
ReSsi(t)(/gi + l 

ReSsi(t)(/gWg+„(t)) 



Now it is easy to see that the last expression has a meaning when t goes to 0. 
Hence limt^Q{uj{Xt,{a{t), (3{t)})\vi 0^2) always exist. 



QED 
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